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Chapter 1
Domain walls and the brane bestiary
1.1 Introduction
I can best assess the purpose and the scope of this lecture series starting with a summary of the
second string revolution’s moral [1, 2] as I presently perceive it:
(i) There is just one non perturbative ten dimensional string theory that can also be identified
as the mysterious M–theory having D = 11 supergravity as its low energy limit.
(ii) All p–branes, whether electric or magnetic, whether coupled to Neveu Schwarz or to Ra-
mond p+ 1–forms encode noteworthy aspects of the unique M–theory.
(iii) Microscopically the p–brane degrees of freedom are described by a suitable gauge theory
GT p+1 living on the p + 1 dimensional world volume WVp+1 that can be either conformal
or not.
(iv) Macroscopically each p-brane is a generalized soliton in the following sense. It is a classical
solution of D = 10 or D = 11 supergravity interpolating between two asymptotic geometries
that with some abuse of language we respectively name the the geometry at infinity geo∞
and the the near horizon geometry geoH . The latter which only occasionally corresponds to
a true event horizon is instead universally characterized by the following property. It can
be interpreted as a solution of some suitable p+2 dimensional supergravity SGp+2 times an
appropriate internal space ΩD−p−2.
(v) Because of the statement above, all space–time dimensions 11 ≥ D ≥ 3 are relevant and su-
pergravities in these diverse dimensions describe various perturbative and non–perturbative
aspects of superstring theory. In particular we have a most intriguing gauge/gravity corre-
spondence implying that classical supergravity SGp+2 expanded around the vacuum solution
geoH is dual to the quantum gauge theory GT p+1 in one lower dimension.
In this general framework I will focus on the following issue that appears to be of great interest
at the present time. The gauge/gravity correspondence, by now largely tested at the level of the
AdS/CFT [3, 4, 5] duality, is presently under consideration in more general non conformal sce-
narios provided by the superstring world. One is the case of fractional branes [22, 23], the other is
the issue of the DW/QFT correspondence between supergravity on domain wall space–times and
quantum field theories living on the boundary wall of such space times. As a conspicuous aspect of
such geometries appears the phenomenon of gravity trapping, suggested by Randall and Sundrum
[38, 39] that can provide a phenomenologically very interesting alternative to compactification.
This has initialized a world wide and so far unconclusive search for a proper embedding of this
scenario within a well founded supersymmetric theory [27, 28, 29, 30, 31, 105, 101]. Furthermore
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it has been clarified that the various domain wall geometries are the appropriate description of
the near horizon or near brane regime of all p and Dp–branes of string theory. The central
unresolved question in all these interlaced issues where the domain wall appears is the systematic
identification of the appropriate p + 2 dimensional supergravity theory that accommodates the
wall as a classical solution. Clearly such a theory plays a fundamental role in the description of
the DW/QFT correspondence as the maximally compact gauged supergravities have played in
the AdS/CFT duality.
Hence after a survey of the supergravity p–branes and of their limiting case, the classical
domain walls, I will devote the next two chapters to a systematic of supergravity gaugings. My
main concern will be that of illustrating the geometric structures of supergravity, their meaning
in relation with the parent string theory and their use in the gauging procedures.
1.2 General aspects of supergravity p–branes
Supergravity p–branes can be obtained as classical solutions of actions of the following form
A
[D]
p−brane =
∫
dDx
√−g
[
2R[g] + 12∂
µ φ∂µφ+
(−1)p+1
2(p+2)! e
−aφ|F [p+2]|2
]
elec.
A
[D]
p˜−brane =
∫
dDx
√−g
[
2R[g] + 12∂
µ φ∂µφ+
(−1)D−p˜−3
2(D−p˜−2)! e
−aφ|F [D−p˜−2]|2
]
magn.
(1.2.1)
where in both cases F [n] ≡ dA[n−1] is the field strength of an n − 1–form gauge potential and
a is some real number whose profound meaning will become clear in my later discussion of
the solutions. As the reader can notice the two formulae I have written for the p-brane action
are actually the same formula since A
[D]
p−brane and A
[D]
p˜−brane are mapped into each other by the
replacement:
p˜ = D − 4− p ; p = D − 4− p˜ (1.2.2)
The reason why I doubled my writing is that the essentially unique action (1.2.1) admits two
classical solutions each of which is interpreted as describing a p–extended and a p˜–extended object
respectively. The first solution is driven by an electric F [p+2] form, while the second is driven
by a magnetic F [D−p+2] form. The role of electric and magnetic solutions of the action A[D]p−brane
are interchanged as solutions of the dual action A
[D]
p˜−brane For various values of
n = p+ 2 and a (1.2.3)
the functional A
[D]
p−brane (or its dual) corresponds to a consistent truncation of some supergravity
bosonic action SSUGRAD in dimension D. This is the reason why the classical configurations I
am going to describe are generically named supergravity p–branes. Given that supergravity is
the low energy limit of superstring theory supergravity p–branes are also solutions of superstring
theory. They can be approximate or exact solutions depending whether they do or do not receive
quantum corrections. The second case is clearly the most interesting one and occurs, in particular,
when the supergravity p–brane is a BPS–state that preserves some amount of supersymmetry.
This implies that it is part of a short supersymmetry multiplet and for this reason cannot be
renormalized. By consistent truncation we mean that a subset of the bosonic fields have been
put equal to zero but in such a way that all solutions of the truncated action are also solutions
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of the complete one. For instance if we choose:
a = 1 n =
{
3
7
(1.2.4)
eq.(1.2.1) corresponds to the bosonic low energy action of D = 10 heterotic superstring (N = 1,
supergravity) where the E8×E8 gauge fields have been deleted. The two choices 3 or 7 in eq.(1.2.4)
correspond to the two formulations (electric/magnetic) of the theory. Other choices correspond to
truncations of the type IIA or type IIB action in the various intermediate dimensions 4 ≤ D ≤ 10.
Since the n− 1–form A[n−1] couples to the world volume of an extended object of dimension:
p = n− 2 (1.2.5)
namely a p–brane, the choice of the truncated action (1.2.1) is precisely motivated by the search
for p–brane solutions of supergravity. According with the interpretation (1.2.5) we set:
n = p+ 2 d = p+ 1 d˜ = D − p− 3 (1.2.6)
where d is the world–volume dimension of an electrically charged elementary p–brane solution,
while d˜ is the world–volume dimension of a magnetically charged solitonic p˜–brane with p˜ =
D − p− 4. The distinction between elementary and solitonic is the following. In the elementary
case the field configuration we shall discuss is a true vacuum solution of the field equations
following from the action (1.2.1) everywhere in D–dimensional space–time except for a singular
locus of dimension d. This locus can be interpreted as the location of an elementary p–brane
source that is coupled to supergravity via an electric charge spread over its own world volume.
In the solitonic case, the field configuration I shall consider is instead a bona–fide solution of
the supergravity field equations everywhere in space–time without the need to postulate external
elementary sources. The field energy is however concentrated around a locus of dimension p˜.
These solutions have been derived and discussed thoroughly in the literature [6]. Good reviews
of such results are [7, 8]. Defining:
∆ = a2 + 2
dd˜
D − 2 (1.2.7)
it was shown in [6] that the action (1.2.1) admits the following elementary p–brane solution
ds2 = H(y)−
4 d˜
∆(D−2) dxµ ⊗ dxν ηµν −H(y)
4 d
∆(D−2) dym ⊗ dyn δmn
F [p+2] =
2√
∆
(−)p+1ǫµ1...µp+1dxµ1 ∧ . . . ∧ dxµp+1 ∧ d
[
H(y)−1
]
eφ(r) = H(y)−
2a
∆ (1.2.8)
where the coordinates XM (M = 0, 1 . . . , D − 1) have been split into two subsets:
• xµ, (µ = 0, . . . , p) are the coordinates on the p–brane world–volume,
• ym, (m = D − d+ 1, . . . , D) are the coordinates transverse to the brane
and
H(y) =
(
1 +
k
rd˜
)
(1.2.9)
is a harmonic function ∂∂ym
∂
∂ymH(y) = 0 in the transverse space to the brane–world volume. By
r ≡ √ymym we have denoted the radial distance from the brane and by k the value of its electric
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charge. The same authors of [6] show that that the action (1.2.1) admits also the following
solitonic p˜–brane solution:
ds2 = H(y)−
4 d
∆(D−2) dxµ ⊗ dxν ηµν −H(y)
4 d˜
∆(D−2) dym ⊗ dyn δmn
F˜ [D−p−2] = λǫµ1...µd˜pdx
µ1 ∧ . . . ∧ dxµd˜ y
p
rd+2
eφ(r) = H(y)
2a
∆ (1.2.10)
where the D − p− 2–form F˜ [D−p−2] is the dual of F [p+2], k is now the magnetic charge and:
λ = −2 d k√
∆
(1.2.11)
The identification (1.2.11) of the constant λ allows to write the expression of the form F˜ [D−p−2]
in the solitonic solution in the following more compact and inspiring way:
F˜ [D−p−2] =
2√
∆
⋆ dH(y) (1.2.12)
These p–brane configurations are solutions of the second order field equations obtained by varying
the action (1.2.1). However, when (1.2.1) is the truncation of a supergravity action it generically
happens that both (1.2.8) and (1.2.10) are also the solutions of a first order differential system
of equations ensuring that they are BPS–extremal p–branes preserving a fraction of the original
supersymmetries. The parameter (1.2.7) plays a particularly important role as an intrinsic char-
acterization of the brane solutions since it has the very important property of being invariant
under toroidal compactifications. When we step down in dimensions compactifying on a Tx torus
each p-brane solution of the D-dimensional supergravity ends up in a p′ brane of the D−x super-
gravity that has the same value of ∆ its parent brane had in higher dimension. It also happens
that all elementary BPS branes of string or M–theory as the various Dp–branes of the type II
A or type II B theory, the M2 and M5 branes, the Neveu Schwarz 5–brane and the elementary
type II or heterotic strings are characterized by the property that ∆ = 4. Namely we have:
∆ = 4 ⇔ elementary p–brane in D = 10 or toroidal reduction thereof (1.2.13)
1.3 The near brane geometry, the dual frame and the DW/CFT corre-
spondence
As I briefly recalled in the introduction the most exciting new development of the last three
years has been, for the string theory community the discovery of the AdS/CFT correspondence
[3, 4, 5], between the superconformal quantum field theory describing the microscopic degrees
of freedom of certain p–branes and classical supergravity compactified on AdSp+2 × XD−p−2.
The origin of this correspondence is two-fold. On one side we have the algebraic truth that the
AdSp+2 isometry group, namely SO(2, p + 1) is also the conformal group in p+1 dimensions and,
as firstly noticed by the authors of [4], this extends also to the corresponding supersymmetric
extensions appropriate to the field theories leaving on the relevant brane volumes. On the other
hand we have the special behaviour of those p–branes that are characterized by the conditions:
∆ = 4 ; a = 0 ⇒ d d˜
D − 2 = 2 (1.3.14)
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In this case the p-brane metric takes the form:
ds2 = [H(r)]
− d˜
D−2 dxµ ⊗ dxν ηµν + [H(r)]
d
D−2
(
dr2 + r2ds2SD−p−2
)
(1.3.15)
where the flat metric dm⊗dym in the D−p−1 dimensions has been written in polar coordinates
using the metric ds2SD−p−2 on an S
D−p−2 sphere and where the harmonic function is
H(r) =
(
1 +
k
rd˜
)
(1.3.16)
For large r → ∞ the metric (1.3.15) is asymptotically flat, but for small values of the radial
distance from the brane r 7→ 0 the metric becomes a direct product metric:
ds2
r→0
=⇒ ds2H = (k)−
d˜
D−2 r
d˜2
D−2 dxµ ⊗ dxν ηµν + (k) dD−2 dr
2
r2︸ ︷︷ ︸
AdSp+2 metric
+ (k)
d
D−2 ds2SD−p−2 (1.3.17)
We will see shortly from now why the underbraced metric is indeed that of an anti de Sitter
space. To this effect it suffices to set:
r = (k)
d˜/2(D−2)
exp
[
− (k)−d/2(D−2) r
]
(1.3.18)
and in the new variable r the underbraced metric of eq.(1.3.17) becomes identical to the metric
(1.4.43) with
λ = (k)
−d/2(D−2) d˜2
2(D − 2) (1.3.19)
As we show in next section the metric (1.4.43) is indeed the AdS metric in horospherical coor-
dinates. Hence the near brane geometry of the special p–branes satisfying condition (1.3.14) is
AdSp+2 × SD−p−2 and this is the very origin of the AdS/CFT correspondence. As it was shown
in [9] this mechanism can be extended to the case where the sphere metric is replaced by the
metric of other coset manifolds G/H of the same dimensions D − p − 2 or even more generi-
cally by the metric of some Einstein space XD−p−2. This leads to the study of many more non
trivial examples of AdS/CFT correspondence, typically characterized by a reduced non maximal
supersymmetry. [10, 11, 12, 13, 14, 15, 16, 17, 18, 19].
The relevant point of the AdS/CFT correspondence for the scope of the present set of lectures
is the following:
Statement 1.3.1. In all cases of a = 0,∆ = 4 p − branes the low dimensional supergravity that
one obtains by compactifying the original D–dimensional supergravity on the compact XD−p−2
manifold is a gauged supergravity SGgaup+2 in p+ 2 space time dimensions that admits AdSp+2
as an exact solution. Furthermore the isometry group Giso of X
D−p−2 is the gauge group
of SGgaup+2 and reappears in the dual conformal field theory as a global R–symmetry or flavor
symmetry.
This shows the connection between supergravity gaugings and the physics of superstring p–
branes. Since XD−p−2 is by definition a compact manifold it follows that also its isometry group
is compact and that in the context of the AdS/CFT correspondence one is lead to consider
compact gaugings. These do not exhaust the set of supergravity gaugings. On the contrary as I
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explain in chapter 3 there is a wealth of non–compact and also of non–semisimple gaugings that
wait for interpretation in the context of superstring theory. This is quite a good match since also
the branes satisfying condition (1.3.14) are far from exhausting the list of p-branes.
The condition (1.3.14) that leads to the wealth of interesting results summarized above is
the statement that the driving p + 2–form F [p+2] does not couple to the dilaton field φ which
effectively drops out of the game. This is the condition of conformal invariance and not too
surprisingly the AdS/CFT correspondence is a correspondence between certain compact gauged
supergravities and certain conformal field theories. For all other p–branes a 6= 0 and we have a
non trivial dilaton coupling. This forbids conformal invariance and excludes a priori an AdS/CFT
correspondence. Yet in a seminal and challenging paper Boonstra, Skenderis and Townsend [20]
have proposed the following generalization.
Statement 1.3.2. In all a 6= 0,∆ = 4 p–branes, the low dimensional supergravity that one obtains
by compactifying the original D–dimensional supergravity on the an SD−p−2 sphere or other
compact manifold XD−p−2 forming the base of the cone transverse to the brane is a gauged
supergravity SGgaup+2 in p+ 2 space time dimensions that admits an appropriate domain wall
DW∆p+2 as an exact solution. (∆ is a parameter labeling the type of domain wall). The isometry
group Giso of X
D−p−2 is part of the gauge group of SGgaup+2. The p+ 1–dimensional boundary
∂DW∆ of the domain wall space–time supports a quantum (non–conformal) field theory that is
dual to the D–dimensional supergravity compactified on DW∆p+2
⊙
XD−p−2.
The above statement is a challenging conjecture that has so far received many less checks than
its conformal sister, yet there are a lot of convincing hints that it should be right. Indeed it is
just a particularly circumstantial way of formulating the general principle of the gauge/gravity
correspondence which is nowadays supported by the non trivial checks provided by fractional
D–branes [22, 23, 24]. Domain wall space–times DW∆p+2 will be described in the next section.
They are essentially the limiting case of a p–brane when p = D − 2. From another view point,
as I explain in some detail in the next section, they are the natural generalization of an anti
de Sitter space–time AdSp+2 since they are locally isometric to AdSp+2. Globally DW
∆
p+2 are
generically different from AdSp+2 since they describe two regions of an AdSp+2 space separated
by a thin p+ 1 dimensional wall that is the location of a curvature singularity. Furthermore the
essential point is that in DW∆p+2 solutions of the gauged supergravity action there is a dynamical
non constant dilaton. Finally the notation DW∆p+2
⊙
XD−p−2 recalls the fact that the direct
product of the DW∆p+2 space–time with the compact space X
D−p−2 is not a solution of higher
dimensional supergravity but a metric involving these two factors modulated by suitable warp
factors is.
What is the main basis for this bold conjecture? It comes from an observation made by the
authors of [20] that although in the Einstein frame the metric of p–brane with a 6= 0 does not
factorize in the limit r → 0 as the conformal branes do, yet one can always define a different
frame, the dual frame where this desired factorization occurs apart from an overall warp factor.
To this effect it is convenient to recall the general formula for the Weyl transformation of
the Einstein term in D-dimensions. Consider the lagrangian density∫
2R[g]
√−g dDx (1.3.20)
where R[g] denotes the curvature scalar and g the determinant of the metric and set the trans-
formation:
gµν = exp[2αφ] gµν (1.3.21)
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where α is a constant, φ a scalar field and gµν a new metric. In my conventions, after a partial
integration one finds:∫
2R[g]
√−g dDx =
∫
exp [(D − 2)αφ] (2R[g]− α2 (D − 1) (D − 2)∂µφ∂µφ)√−g dDx
(1.3.22)
Let us now apply this general formula to the p–brane action (1.2.1) and to its solutions (1.2.8)
or (1.2.10). We introduce two new metrics defined by a Weyl transformation and respectively
named the string metric and the dual metric:
g(E)µν = g
(string)
µν exp[λs φ] (1.3.23)
g(E)µν = g
(dual)
µν exp[λd φ] (1.3.24)
where the parameters λs and λd are determined by the following conditions. Considering the
transformation of the Einstein and p+ 2–form terms∫
R[g]
√−g 7→ exp [(D2 − 1)λφ]R[g]√−g + ∂φ terms
exp[−aφ]|F [p+2]|2√−g 7→ exp [−a+ λ (D2 −D + p+ 2)φ] |F [p+2]|2√−g (1.3.25)
we determine the string frame by requiring that after the transformation the exponential of the
dilaton field should not stand in front of the |F [p+2]|2 term. The dual frame is instead fixed by
the request that after the transformation the Einstein R[g] term and the |F [p+2]|2 should have
the same power of the dilaton eφ in front. With such a definition we immediately get:
λs = − 2 a
D − 2p− 4 ; λd = −
a
D − p− 3 (1.3.26)
Choosing for definiteness the superstring critical dimension D = 10 and the case of magnetic
p-branes, namely ∆ = 4 we can immediately write down the corresponding metric in the dual
frame:
ds2dual = [H(r)]
− 5−p7−p dxµ ⊗ dxν ηµν + [H(r)]
2
7−p
(
dr2 + r2ds2S8−p
)
H(r) = 1 +
k
r7−p
(1.3.27)
Now it happens that for r → 0, independently from the value of p the dual metric has a near
brane factorized geometry. Indeed in this limit we find:
ds2dual ≃ (k)−
5−p
7−p r5−p dxµ ⊗ dxν ηµν + (k)
2
7−p
dr2
r2︸ ︷︷ ︸
AdS-metric
+ (k)
2
7−p ds2S8−p (1.3.28)
The underbraced metric is a locally an anti de Sitter metric by the same token as the underbraced
metric of eq.(1.3.17). So for all p the dual frame metric factorizes in the near brane regime into the
product of an anti de Sitter metric times the metric of an S8−p sphere or other 8−p–dimensional
compact space. There is just one noteworthy exception: that of the Neveu Schwarz five–brane.
In this case due to the exact cancelling of the r powers the factorization is even simpler. We get
a flat R(1,6) Minkowski space times a three sphere S3. This is related to the exact conformal
description of the Neveu Schwarz five–brane in terms of the conformal field theory of an SU(2)
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Wess Zumino model times a Feigin Fuchs scalar plus the free conformal field theory of 6 flat
coordinates [25, 26].
This near brane factorization suggests that we can perform a compactification of the dual
frame lagrangian on the internal compact manifold S(8−p) or X(8−p) obtaining an action in p+2
dimensions that we can subsequently reduce to the Einstein frame. In the first step, namely in the
compactification, what we do is the ordinary Kaluza-Klein reduction of a scalar–Einstein theory
where the background value of the F [8−p] form is simply identified with the volume form of the
internal manifold. In the second step we simply apply the Weyl rule transformation (1.3.22) in
the reversed direction.
The result of these operations is an action of the same form as the action (1.4.34) that we
consider in the next section with the following specific values of the constants [20]:
a = − 2(p− 3)√
2p(p− 9) ; Λ =
1
4 (9 − p)(7− p) (k)
4(p−3)
p(p−7)4(p−3) (1.3.29)
As we explain in the next section the action (1.4.34) is that appropriate to discuss domain wall
solutions, namely D − 2–branes. Hence it follows that when we go to the near brane region,
the geometry of a non conformal p–brane is well approximated by a domain wall solution of
some suitable supergravity theory of which the action (1.4.34) must be a consistent truncation.
The fundamental question for which we do not have a general ansatz yet is the following: of
which gauged supergravity the action (1.4.34) with parameters (1.3.29 is a truncation? One
thing is certain: the gauge group must contain the isometry group of X [8−p]. The authors of [20]
have made a conjecture that I entirely subscribe: it should be some non-compact, possibly non
semisimple gauging. In one case they could even make a prediction. Take the D2–brane of type
IIA theory. In that case p+ 2 = 4 so that the candidate supergravity is a four–dimensional one
and, since we do not break any supersymmetry, it is also N = 8. Hence our sought for theory
must be one of the N = 8 gaugings that I describe in section 3.3. The list is finite and presented
in table 3.2. Since the gauge group must contain the compact subgroup SO(7) (the isometry
group of S6) it follows that there is a unique possibility, namely the theory CSO(7, 1) = ISO(7)
obtained by gauging the Euclidean group in 7 dimensions. Whether this conjecture is true or
not, so far has not been verified but stands as a challenging proposal.
In view of the above discussion I turn, in the next section to a survey of the notion of domain
walls. The study of supergravity gaugings presented in the next two chapters is mostly motivated
by the quest for domain wall solutions, their relation with higher dimensional superstring p–branes
and the testing of the gauge/gravity correspondence in non conformal regimes.
1.4 Domain walls in diverse space–time dimensions
The generic coupling of a single scalar field to Einstein gravity is described, in space–time dimen-
sions D by the following action
A
[D]
grav+scal =
∫
dDx
√−g
[
2R[g] +
1
2
∂µ φ∂µφ− V(φ)
]
(1.4.30)
where V(φ) is the scalar potential. If for this latter we choose the very particular form:
V(φ) = 2Λ e−aφ ;
{
0 < Λ ∈ R
a ∈ R (1.4.31)
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then we have a limiting case of the general p–brane action (1.2.1) we have considered above.
Indeed if in the general formulae (1.2.6) we put
p = D − 2 ⇒ d˜ = −1 ; d = D − 1 (1.4.32)
we obtain that the electric D − 2–brane couples to a field strength which is a top D–form F [D],
while the magnetic solitonic brane couples to a 0–form F [0], namely to a cosmological constant.
Indeed, we can formally set:
F [0] = 2
√
Λ ⇒ F˜ [D] = Volume form on space–time (1.4.33)
and the action (1.4.30) with the potential (1.4.31) is reduced to the general form for an electric
D− 2–brane (1.2.1). That F [0] should be constant and hence could be identified as in eq.(1.4.33)
follows from the Bianchi identity that it is supposed to satisfy dF [0] = 0.
Hence we can conclude that the action:
A
[D]
D−Wall =
∫
dDx
√−g
[
2R[g] +
1
2
∂µ φ∂µφ− 2Λ e−aφ
]
(1.4.34)
admits a distinguished class of solutions describing D − 2–branes that we name domain walls
since at each instant of time a brane of this type separates the space manifold into two adjacent
non overlapping regions.
Specializing the general formulae (1.2.8) and (1.2.9) to our particular case we obtain the
domain wall solution of (1.4.34) in the following form:
ds2DW = H(y)
2α (dxµ ⊗ dxνηµν) +H(y)2β dy2 (1.4.35)
eφ = H(y)−
2a
∆ (1.4.36)
H(y) = c ± Qy (1.4.37)
where y is the single coordinate transverse to the wall, c is an arbitrary integration constant and
the other parameters appearing in the above formulae have the following values:
α =
2
∆(D − 2) ; β = 2
D − 1
∆(D − 2) ; Q =
√
Λ∆ (1.4.38)
in terms of ∆ whose expression (1.2.7) becomes:
∆ = a2 − 2D − 1
D − 2 (1.4.39)
The form (1.4.37) of the function H is easy to understand because in one–dimension a harmonic
function is just a linear function. The arbitrariness of the sign in H arises because the equations
of motion involve m only quadratically [21]. Since a2 is a positive quantity, ∆ is bounded from
below by the special value ∆AdS that corresponds to the very simple case of pure gravity with
a negative cosmological constant (case a = 0 in eq.(1.4.34):
∆ ≥ ∆AdS ≡ −2D− 1
D− 2 (1.4.40)
The name given to ∆AdS has an obvious explanation. As it was originally shown by Lu¨, Pope
and Townsend in [21], for a = 0 the domain wall solution (1.4.35) describes a region of the anti
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de Sitter space AdSD. To verify this statement it suffices to insert the value (1.4.40) into (1.4.38)
and (1.4.35) to obtain:
ds2DW = H
−2/(D−1)(y) (dxµ ⊗ dxνηµν) +H(y)−2 dy2 (1.4.41)
Performing the coordinate transformation:
r =
1
Q
ln (c±Qy) ; (1.4.42)
the metric becomes:
ds2DW = e
−2λr ηµν dxµ dxν + dr2 , (1.4.43)
where
λ =
√
2Λ
(D−1)(D−2) = (D − 1)Q . (1.4.44)
In the same coordinates the solution for the dilaton field is:
eφ = exp
[
− 2 a λ
∆(D − 1) r
]
(1.4.45)
Eq.(1.4.43) is the metric of AdS spacetime, in horospherical coordinates. Following [21] we can
verify this statement by introducing the (D + 1) coordinates (X,Y, Zµ) defined by
X =
1
λ
coshλr + 12λ ηµν x
µxν e−λr ,
Y = − 1
λ
sinhλr − 12λ ηµν xµxν e−λr , (1.4.46)
Zµ = xµ e−λr .
They satisfy
ηµν Z
µZν + Y 2 −X2 = − 1/λ2 , (1.4.47)
ηµν dZ
µdZν + dY 2 − dX2 = e−2λrηµν dxµ dxν + dr2 , (1.4.48)
which shows that (1.4.43) is the induced metric on the algebraic locus (1.4.47) which is the stan-
dard hyperboloid corresponding to the AdS space–time manifold. The signature of embedding
flat space is (−,+,+, · · · ,+,−) and therefore the metric (1.4.43) has the right SO(2, D − 1)
isometry of the AdSD metric.
Still following the discussion in [21] we note that in horospherical coordinates X + Y =
λ−1 e−λr is non-negative if r is real. Hence the region X + Y < 0 of the full AdS spacetime is
not accessible in horospherical coordinates. Indeed this coordinate patch covers one half of the
complete AdS space , and the metric describes AdSD/Z2 where Z2 is the antipodal involution
(X,Y, Zµ)→ (−X,−Y,−Zµ). If D is even, we can extend the metric (1.4.41) to cover the whole
anti de Sitter spacetime by setting the integration constant c = 0 which implies H = Qy. So
doing the region with y < 0 corresponds to the previously inaccessible region X + Y < 0. If odd
dimensions, we must restrict H in (1.4.41) to be non-negative in order to have a real metric and
thus in this case we have to choose H = c+Q|y|, with c ≥ 0. If the constant c is zero, the metric
describes AdSD/Z2, while if c is positive, the metric describes a smaller portion of the complete
AdS spacetime. In any dimension, if we set:
H = c+Q|y| (1.4.49)
the solution can be interpreted as a domain wall at y = 0 that separates two regions of the anti de
Sitter spacetime, with a delta function curvature singularity at y = 0 if the constant c is positive.
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1.4.1 The Randall Sundrum mechanism
What we have just described is the anti de Sitter domain wall that corresponds to ∆ = ∆AdS .
The magic of this solution is that, as shown by Randall and Sundrum in [38], it leads to the
challenging phenomenon of gravity trapping. These authors have found that because of the
exponentially rapid decrease of the factor
exp[−λ|r|] with λ > 0 (1.4.50)
away from the thin domain wall that separates the two asymptotic anti de Sitter regions it happens
that gravity in a certain sense is localized near the brane wall. Instead of the D–dimensional
Newton’s law that gives:
force ∼ 1
RD−2
(1.4.51)
one finds the the D − 1–dimensional Newton’s law
force ∼ 1
RD−3
+ small corrections O ( 1RD−2 ) (1.4.52)
This can be seen by linearizing the Einstein equations for the metric fluctuations around any
domain wall background of the form:
ds2 =W (r) ηµν dx
µ dxν + dr2 , (1.4.53)
that includes in particular the AdS case (1.4.43). In a very sketchy way if one sets:
hµν(x, y) = exp [ip · x] ψµν(y) (1.4.54)
one finds that the linearized Einstein equations translate into an analog Schroedinger equation
for the wave–function ψ(y). This problem has a potential that is determined by the warp factor
W (y). If in the spectrum of this quantum mechanical problem there is a normalizable zero mode
then this is the wave function of a D − 1 dimensional graviton. This state is indeed a bound
state and falls off rapidly when leaving the brane. Since the extra dimension is non compact the
Kaluza Klein states form a continuous spectrum without a gap. Yet D − 1 dimensional physics
is extremely well approximated because the bound state mode reproduces conventional gravity
in D − 1 dimensions while the massive states simply contribute a small correction.
It is clearly of utmost interest to establish which domain walls have this magic trapping
property besides the anti de Sitter one. This has been recently done by Cvetic, Lu¨ and Pope in
[31] In order to summarize this and other related results I need first to emphasize another aspect
of domain walls that puts them into distinguished special class among p–branes.
1.4.2 The conformal gauge for domain walls
Going back to the general domain wall solution (1.4.35),(1.4.36),(1.4.37),(1.4.38), classified by
the value of ∆ (eq.(1.4.39)) we observe that there is still an ambiguity in the powers of the
harmonic function (1.4.37) that appear as metric coefficients. This ambiguity is due to coordinate
transformations and it is a specific property of D−2–branes not present in other p–branes, where
the harmonic functionH is not a linear function. Following a discussion by Bergshoeff and van der
Schaar [37] we observe that in the range y > 0 we can make the following linear transformation:
y = − cQ + y′ ⇒ H(y) = Qy′ that eliminates the integration constant c. Furthermore we
can redefine y′ as some other fractional power of a third coordinate y, namely y′ = −Q− 1+ǫǫ y− 1ǫ ,
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then shifting it once again by a constant y = z + cQ . Altogether this means that we introduce
the coordinate transformation:
y = − c
Q
−Q− 1+ǫǫ
(
z +
c
Q
)− 1
ǫ
(1.4.55)
Under this transformation we have (for positive y):
H(y) = − [H(z)]−1/ǫ (1.4.56)
and the domain wall metric (1.4.35) becomes:
ds2DW = H(z)
− 2α
ǫ (dxµ ⊗ dxνηµν) +H(z)−
2β+ǫ
ǫ
−2 dz
2
ǫ2
(1.4.57)
This transformation allows for the remarkable possibility of choosing a conformal gauge, namely
a coordinate system where it becomes manifest that the domain wall metric is conformally flat.
Indeed it suffices to impose that the two powers of the harmonic function appearing in (1.4.57)
be equal:
− 2α
ǫ
= −2β + ǫ
ǫ
− 2 (1.4.58)
Using eq.(1.4.38) the solution of (1.4.58) for ǫ is unique in all cases with the exception of ∆ = −2:
ǫ = −∆+ 2
∆
(1.4.59)
Hence for ∆ 6= −2, redefining z 7→ ǫz, Q 7→ k |ǫ| the domain wall solution (1.4.35) can always be
rewritten in the following conformally flat way:
ds2DW/conf = [H(z)]
4
(D−2)(∆+2)
(
ηµν dx
µ ⊗ dxν + dz2)
eφ(z) = H(z)−
2a
∆+2
H(z) = 1 + k |z|
k = (∆ + 2)
√
Λ
∆+ 2
(1.4.60)
Obviously the solution (1.4.60) could have been obtained by directly solving the Einstein equa-
tions associated with the action (1.4.34) starting from a conformal ansatz of the type:
ds2DW/conf = exp[A(z)]
(
ηµν dx
µ dxν + dz2
)
, (1.4.61)
Yet I preferred to obtain it from the general solution (1.2.8) for supergravity p–branes in order
to emphasize its interpretation as a domain wall, namely a D − 2–brane. The direct method
of solution can be used to find the conformal representation of the domain wall metric in the
exceptional case ∆ = −2. As shown in [31] one obtains:
ds2 = e−
2k
d−2 |z| (ηµν dxµ dxν + dz2) ,
φ =
√
2 k√
d− 2 |z| , (1.4.62)
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where k is now given by
k2 = −2Λ (d− 2) , (1.4.63)
which is real for negative Λ. There is another important point that we should note. Our starting
point, prior to all the subsequent manipulations, has been the form (1.4.35),(1.4.38) which is
that of an electric p–brane and not that of a solitonic one (see eq.1.2.10)). This implies that our
domain wall solutions are not exactly bona fide solutions of the action (1.4.34) but require also
the coupling to a source term that is the world-volume action of the domain wall, localized at
z = 0 in the last coordinate frame we have used. Namely the true action is
A =
∫
MD
dDx
√−g
[
2R[g] +
1
2
∂µ φ∂µφ− 2Λ e−aφ
]
+ T
∫
WVD−1
dD−1ξ Lsource (1.4.64)
where Lsource is world–volume lagrangian of the D − 2–brane and the parameter T denotes its
tension. An important issue is to relate the wall-tension to the parameters appearing in the
classical domain wall solution. This was done in [31] following a standard analysis developed in
previous papers [32, 33]. The matching conditions across the singular domain wall source imply
that that the energy density (tension) of the wall is related to the values of the cosmological
constant parameters on either side of the wall, namely the authors of [31] find:
σ = T = 2(A′z=0− −A′z=0+) , (1.4.65)
where the prime denotes a derivative with respect to z. This leads to
∆ 6= −2 : T = −8 sign[k (∆ + 2)]
√
Λ
∆
,
∆ = −2 : T = 8k
d− 2 . (1.4.66)
Thus positive-tension domain-wall solutions exist for ∆ ≤ −2 with k > 0 and for ∆ > −2 with
k < 0. Conversely, negative-tension domain walls arise for ∆ ≤ −2 with k < 0 and for ∆ > −2
with k > 0. So for our domain walls with ∆ ≤ −2, we assume the lower bound (1.4.40). To avoid
naked singularites we also need k > 0.
Using the simple conformal gauge (1.4.60) the authors of [31] have analyzed the fluctuations
of the metric around such a background and have found that the graviton wave function obeys, as
predicted by Randall-Sundrum [38, 39] a Schro¨dinger equation with a potential that is completely
fixed by the value of ∆. More precisely one finds that in the conformal gauge the fluctuations of
the D–dimensional graviton satisfy the Klein Gordon equation of a scalar field in the gravitational
background namely ∂M (
√−g gMN ∂N Φ) = 0. Parametrizing:
Φ = φ(z) ei p·x = e−k z ψ(z) ei p·x , (1.4.67)
where p is the D − 1–dimensional momentum the Klein Gordon equation becomes the following
Schro¨dinger-type equation,
− 12ψ′′ + U ψ = − 12p2 ψ , (1.4.68)
where the potential, calculated in [31] is given by
∆ 6= −2 : U = − (∆ + 1) k
2
2(∆ + 2)2H(z)2
+
k
∆+ 2
δ(z) ,
∆ = −2 : U = 18k2 − 12 k δ(z) . (1.4.69)
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Such an equation has a normalizable zero–mode wave function if the following condition is satisfied
∆ ≤ −2. Indeed it is evident from these expressions that for ∆ ≤ −2, U has a volcano shape as
in fig.1.1 since the delta function has a negative coefficient, and the “bulk” term is non-negative
for all z. Hence the trapping of gravity occurs for positive tension D− 2–branes in the following
Figure 1.1. The volcano potential
window:
∆AdS ≤ ∆ ≤ −2 (1.4.70)
1.5 Conclusion of this first bestiary
The brief survey of the p–brane bestiary I have presented in the present chapter was meant to
illustrate and single out one main issue. It now appears that the near brane geometry of all
the superstring p–brane is a domain wall, anti de Sitter space being just a particular case that
corresponds to conformal invariance. There is a challenging proposal of a DW/QFT correspon-
dence that should relate non–conformal gauge theories on the wall world volume to supergravity
compactified on the domain wall space–time. The unresolved question is how to identify the ap-
propriate gauged supergravities that corresponds to each choice of brane configuration. For this
reason I devote the next two chapters to describe the basic geometric structures of supergravity
(the supergravity bestiary) and how these latter are used to construct the gaugings.
Let me stress that a complete and unambiguous pairing between supergravity gaugings and
the Dp–brane spectrum cannot fail to contribute a new profound insight in superstring theory.
The quest for supersymmetric realizations of the Randall-Sundrum scenario that I will shortly
touch in the last chapter has to be viewed as part of this more general problem
Chapter 2
Supergravity bestiary and the diverse dimensions
of superstring theory
2.1 Introduction
In the previous chapter we discussed the p–brane motivations to consider supergravity theories
in diverse dimensions. From this viewpoint the basic information one would like to master is the
following:
• The scalar field dependence of the kinetic terms of p–forms NΛΣ(φ)FΛ ∧ ⋆ FΣ since this
latter eventually decides the values of the coefficients a in the exponential factors of the
p–brane actions (1.2.1).
• The scalar field potential V(φ) which eventually decides the form of the cosmological term
in the domain wall actions (1.4.34)
• The metric gij(φ) appearing in the kinetic term gij(φ)∂µφi ∂µφj of the scalar fields since it
is needed as much as the matrix NΛΣ(φ) to determine the values of a and eventually of ∆
It turns out that each of the above items involves a wealth of surprisingly sophisticated geometric
structures that are skillfully utilized by supergravity, first to stand on its feet at the ungauged
level and, secondly, to be gauged producing non abelian symmetries and the scalar potential. In
the present chapter I survey all these structures and I try to illustrate their meaning in relation
with the parent string theory. Obviously the cause that imposes on the theory all such structures
is supersymmetry and the presence of the fermions. Yet since the fermions are ugly objects to deal
with while their product, namely the geometric structure of the theory is beautiful, I will only stick
to the latter and mention the fermions as seldom as possible. This implies that my presentation is
mostly descriptive. I nowhere pretend to give the proof that the various supergravities are as they
are but I do my best to illustrate their miraculous geometric functioning that eventually governs
the p–brane classical physics we are interested in. In view of the advocated correspondences such
classical physics is also the quantum physics of the underlying world volume theories.
2.2 Supergravity and homogeneous scalar manifolds G/H
If we consider the whole set of supergravity theories in diverse dimensions we discover an impor-
tant general property. With the caveat of three noteworthy exceptions in all the other cases the
constraints imposed by supersymmetry imply that the scalar manifold Mscalar is necessarily a
homogeneous coset manifold G/H of the non–compact type, namely a suitable non compact Lie
17
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group G modded by the action of a maximal compact subgroup H ⊂ G. ByMscalar we mean the
manifold parametrized by the scalar fields φI present in the theory. The metric gIJ(φ) defining
the Riemannian structure of the scalar manifold appears in the supergravity lagrangian through
the scalar kinetic term which is of the σ–model type:
Lkinscalar =
1
2
gIJ(φ) ∂µφ
I ∂µφJ (2.2.1)
The three noteworthy exceptions where the scalar manifold is allowed to be something more
general than a coset G/H are the following
(i) N = 1 supergravity in D = 4 where Mscalar is simply requested to be a Hodge Ka¨hler
manifold
(ii) N = 2 supergravity in D = 4 where Mscalar is simply requested to be the product of a
special Ka¨hler manifold SKn1 containing the n complex scalars of the n vector multiplets
with a quaternionic manifold QMm containing the 4m real scalars of the m hypermultiplets
2
(iii) N = 2 supergravity in D = 5 where Mscalar is simply requested to be the product of a
very special manifold VSn 3 containing the n real scalars of the n vector multiplets with a
quaternionic manifold QMm containing the 4m real scalars of the m hypermultiplets.
I shall come back to the case of N = 2 supergravity in five dimensions because of its relevance in
the quest of domain walls and supersymmetric realizations of the Randall Sundrum scenario and
there I shall briefly discuss both very special geometry and quaternionic geometry. Instead for
special Ka¨hler geometry and the structure of N = 2 supergravity in four dimensions I refer the
reader to [45] and [53] where they are extensively discussed. Probably the most relevant aspect of
special Ka¨hler manifolds is their interpretation as moduli spaces of Calabi Yau three–folds which
connects the structures of N = 2 supergravity to superstring theory via the algebraic geometry
of compactifications on such three–folds. Here I do not address these topics and I rather focus
on the case of homogeneous scalar manifolds which covers all the other types of supergravity
lagrangians and also specific instances of N = 2 theories since there exist subclasses of special
Ka¨hler and very special manifolds that are homogeneous spaces G/H.
By means of my choice I aim at illustrating some of the very ample collection of supergravity
features that encode quite non trivial aspects of superstring theory and that can be understood
in terms of Lie algebra theory and differential geometry of homogeneous coset spaces.
1 Special Ka¨hler geometry was introduced in a coordinate dependent way in the first papers on the vector multiplet
coupling to supergravity in the middle eighties [40],[74]. Then it was formulated in a coordinate–free way at the
beginning of the nineties from a Calabi Yau standpoint by Strominger [41] and from a supergravity standpoint by
Castellani, D’Auria and Ferrara [42, 41]. The properties of holomorphic isometries of special Ka¨hler manifolds,
namely the geometric structures of special geometry involved in the gauging were clarified by D’Auria, Fre´ and
Ferrara in [79]. For a review of special Ka¨hler geometry in the setup and notations of the present lectures see [45]
2 The notion of quaternionic geometry, as it enters the formulation of hypermultiplet coupling was introduced
by Bagger and Witten in [75] and formalized by Galicki in [77] who also explored the relation with the notion
of HyperKa¨hler quotient, whose use in the construction of supersymmetric N = 2 lagrangians had already been
emphasized in [76]. The general problem of classifying quaternionic homogeneous spaces had been addressed in
the mathematical literature by Alekseevski [57].
3 The notion of very special geometry is essentially due to the work of Gu¨naydin Sierra and Townsend who
discovered it their work on coupling D = 5 supergravity to vector multiplets [69, 70]. The notion was subsequently
refined and properly related to special Ka¨hler geometry in four dimensions through the work by de Wit and Van
Proeyen [71, 72, 73]
Supergravity and homogeneous scalar manifolds G/H 19
2.2.1 How to determine the scalar cosets G/H of supergravities from supersymme-
try
The best starting point of our discussion is provided by presenting the table of coset structures
in four–dimensional supergravities. This is done in the next subsection in table 2.1 where super-
gravities are classified according to the number N of the preserved supersymmetries. Recalling
that a Majorana spinor in D = 4 has four real components the total number of supercharges
preserved by each theory is
# of supercharges = 4N (2.2.2)
and becomes maximal for the N = 8 theory where it is 32.
Here I present a short general discussion that applies to all the diverse dimensions.
There are two ways to determine the scalar manifold structure of a supergravity theory:
• By compactification from higher dimensions. In this case the scalar manifold is identified as
the moduli space of the internal compact space
• By direct construction of each supergravity theory in the chosen space–time dimension. In
this case one uses all the a priori constraints provided by supersymmetry, namely the field
content of the various multiplets, the global and local symmetries that the action must have
and, most prominently, as I am going to explain, the duality symmetries.
The first method makes direct contact with important aspects of superstring theory but provides
answers that are specific to the chosen compact internal space Ω10−D and not fully general. The
second method gives instead fully general answers. Obviously the specific answers obtained by
compactification must fit into the general scheme provided by the second method. In the next
section I highlight the basic arguments that lead to the construction of table 2.1. Obviously the
table relies on the fact that each of the listed lagrangians has been explicitly constructed and
shown to be supersymmetric4 but it is quite instructive to see how the scalar manifold, which is
the very hard core of the theory determining its interaction structure, can be predicted a priori
with simple group theoretical arguments.
The first thing to clarify is this: what is classified in table 2.1 are the ungauged supergravity
theories where all vector fields are abelian and the isometry group of the scalar manifold is a global
symmetry. Gauged supergravities which are the main concern of these lectures are constructed
only in a second time starting from the ungauged ones and by means of a gauging procedure
that I will describe in further chapters. Each ungauged supergravity admits a finite number
of different gaugings where suitable subgroups of the isometry group of the scalar manifold are
promoted to local symmetries using some or all of the available vector fields of the theory. It is
clear that which gaugings are possible is once again determined by the structure of the scalar
manifold plus additional constraints that I will explain later.
In every space–time dimension D the reasoning that leads to single out the scalar coset
manifolds G/H is based on the following elements:
A Knowledge of the field content of the various supermultiplets µi that constitute irreducible
representations of the N–extended supersymmetry algebra in D–dimensions. In particular
this means that we know the total number of scalar fields. The scalars pertaining to the
various types of multiplets must fill separate submanifolds Mi of the total scalar manifold
which is the direct product of all such subspaces: Mscalar =
⊗
i Mi.
4 For a review of supergravity theories both in D = 4 and in diverse dimensions the reader is referred to the
book[67]. Furthermore for a review of the geometric structure of all supergravity theories in a modern perspective
I refer to [50]
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B Knowledge of the automorphism group HAut of the relevant supersymmetry algebra. This
latter acts on the gravitinos and on the other fermion fields as a local symmetry group.
The gauge connection for this gauge symmetry is not elementary, rather it is a composite
connection derived from the σ–model of the scalar fields:
ΩAutµ = PAut
[
g−1 (φ)
∂
∂φI
g (φ)
]
∂µφ
I (2.2.3)
where PAut denotes the projection onto the automorphism subalgebra Aut ⊂ H of the
isotropy algebra H of the scalar coset manifold G/H. This is consistent only if the isotropy
group has the following direct product structure:
H = Aut
⊗
H′ (2.2.4)
H′ being some other closed Lie group.
C Existence of appropriate irreducible representations of G in which we can accommodate each
type of p+1–forms A[p+1]Λ appearing in the various supermultiplets. Indeed each p+1–form
sits in some supermultiplet together with fermion fields and with scalars. The transforma-
tions of G commute with supersymmetry and must rotate an entire supermultiplet into
another one of the same sort. Since the action of G is well defined on scalars we must be
able to lift it also to the p+ 1–form partners of the scalars. Here we have a bifurcation:
• When the magnetic dual of the pi + 1–forms, that are D− pi − 3–forms have a different
degree, namelyD−pi−3 6= pi+1, then the group G must have irreducible representations
Di of dimensions:
dim (Di) = ni (2.2.5)
where ni is the number of pi + 1–forms present in the theory
• When there are p+ 1–forms, whose magnetic duals have the same degree, namely D −
p− 3 = p+1, then the group G must have, in addition to the irreducible representations
Di that accommodate the other pi + 1-forms as in eq.(2.2.5) also a representation D of
dimension
dim
(
D
)
= 2n (2.2.6)
which accommodates the n forms of degree p and has the following additional property.
In D = 6, 10 it is realized by pseudorthogonal matrices in the fundamental of SO (n , n)
while in D = 4, 8 it is realized by symplectic matrices in the fundamental of Sp (2n,R).
The reason for this apparently extravagant request is that in the case of p + 1–forms
the lifting of the action of the group G is realized by means of electric/magnetic duality
rotations as I explain in section 2.4. Furthermore the reason why, in this discussion,
I consider only the even dimensional cases is that self–dual p + 1–forms can exist only
when D = 2r is even.
2.2.2 The scalar cosets of D = 4 supergravities
In four dimensions the only relevant p + 1–forms are the 1–forms that correspond to ordinary
gauge vector fields. Indeed 3–forms do not have degrees of freedom and 2–forms can be dualized
to scalars. On the contrary D = 4 is an even number and 1–forms are self–dual in the sense
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described in section 2.4 and alluded above in section 2.2.1. Furthermore the automorphism group
of the N extended supersymmetry algebra in D = 4 is 5:
HAut = SU (N )×U(1) ; N = 1, 2, 3, 4, 5, 6
HAut = SU (8) ; N = 7, 8 (2.2.7)
Hence applying the strategy outlined in section 2.2.1 the requests to be imposed on the coset
G/H in four–dimensional supergravities are:
(i) The total number of spin zero fields must be equal to the dimension of the coset:
# of spin zero fields ≡ m = dimG − dimH (2.2.8)
(ii) The total number of vector fields in the theory n must be equal to one half the dimension
of a symplectic irreducible representation DSp of the group G:
# of spin 1 fields ≡ n = 1
2
dimDSp (G) (2.2.9)
(iii) The isotropy group H must be of the form6:
H = SU (N )×U(1)×H′ ; N = 3, 4
H = SU (N )×U(1) ; N = 5, 6
H = SU (8) ; N = 7, 8
(2.2.10)
The distinction between the cases N = 3, 4 and the cases N = 5, 6 comes from the fact that
in the former we have both the graviton multiplet plus vector multiplets, while in the latter
there is only the graviton multiplet. The vector multiplets can transform non trivially under
the additional group H′ for which there is no room in the latter cases. Finally the N = 7, 8
supergravities that contain only the graviton multiplet are indistinguishable theories since
their field content and interactions are the same.
Using the above rules and the known list of Lie groups one arrives at the unique solution
provided in table 2.1
2.3 Maximal supergravities in diverse dimensions and their scalar man-
ifolds
In table 2.1 we have classified supergravities at fixed space–time dimension according to the num-
ber of supersymmetries. Another possible classification is according to space time dimensions D
5 The role of the SU(N ) symmetry in N–extended supergravity was firstly emphasized in [110, 109].
6 The difference between the N = 7, 8 cases and the others is properly explained in the following way. As far as
superalgebras are concerned the automorphism group is always U(N ) for all N , which can extend, at this level
also beyond N = 8. Yet for the N = 8 graviton multiplet, which is identical to the N = 7 multiplet, it happens
that the U(1) factor in U(8) has vanishing action on all physical states since the multiplet is self–conjugate under
CPT–symmetries. From here it follows that the isotropy group of the scalar manifold must be SU(8) rather than
U(8). A similar situation occurs for the N = 4 vector multiplets that are also CPT self–conjugate. From this fact
follows that the isotropy group of the scalar submanifold associated with the vector multiplet scalars is SU(4)×H′
rather than U(4) ×H′. In N = 4 supergravity, however, the U(1) factor of the automorphism group appears in
the scalar manifold as isotropy group of the submanifold associated with the graviton multiplet scalars. This is
so because the N = 4 graviton multiplet is not CPT self conjugate. I warmly thank A. Van Proeyen for pointing
out to me the need to explain this point more explicitly than in the first draft of these notes.
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Table 2.1. Scalar Manifolds of Extended Supergravities in D = 4
# scal. # scal. # scal. # vect. # vect.
N in in in in in Γcont Mscalar
scal.m. vec. m. grav. m. vec. m. grav. m.
1 2 m n I
⊂ Sp(2n,R) Ka¨hler
2 4 m 2 n n 1 I Quaternionic ⊗
⊂ Sp(2n+ 2,R) Special Ka¨hler
3 6 n n 3 SU(3, n)
⊂ Sp(2n+ 6,R) SU(3,n)
S(U(3)×U(n))
4 6 n 2 n 6 SU(1, 1)⊗ SO(6, n) SU(1,1)
U(1)
⊗
⊂ Sp(2n+ 12,R) SO(6,n)
SO(6)×SO(n)
5 10 10 SU(1, 5)
⊂ Sp(20,R) SU(1,5)
S(U(1)×U(5))
6 30 16 SO⋆(12)
⊂ Sp(32,R) SO⋆(12)
U(1)×SU(6)
7, 8 70 56 E7(−7)
⊂ Sp(128,R) E7(−7)
SU(8)
at fixed number of superchargesNQ. In particular one can consider maximal supergravities where
NQ = 32 and discuss their structure in the diverse dimensions 3 ≤ D ≤ 10. Such a study is very
much rewarding since we can relate it to the alternative way of deriving the scalar manifold of
supergravity, namely via compactification. There is indeed a class of hierarchical compactifica-
tions that have the distinguished property of preserving the number of supersymmetries at each
step of the hierarchy. These are the toroidal compactifications where D-dimensional space–time
MD is replaced by:
MD 7→ MD−x × T x (2.3.1)
T x denoting an x–dimensional torus andMD−x being a new space–time in D−x–dimensions. By
means of sequential toroidal compactifications we can reach all maximally extended supergravities
in lower dimensions starting from either type IIA or type IIB supergravity in D = 10. The
result is always the same since supersymmetry allows for unique maximal theories in D ≤ 9
and there is just one scalar coset manifold, that listed in table 2.2. Yet this result can be
Duality symmetries in even dimensions 23
interpreted in two ways depending on whether we look at it from the type IIA or from the type
IIB viewpoint. There is indeed a challenging problem that corresponds to retrieving the steps of
Table 2.2. Scalar geometries in maximal supergravities
D = 9 E2(2) ≡ SL(2,R)⊗O(1, 1) H = O(2) dimR (G/H) = 3
D = 8 E3(3) ≡ SL(3,R)⊗ SL(2,R) H = O(2)⊗O(3) dimR (G/H) = 7
D = 7 E4(4) ≡ SL(5,R) H = O(5) dimR (G/H) = 14
D = 6 E5(5) ≡ O(5, 5) H = O(5)⊗O(5) dimR (G/H) = 25
D = 5 E6(6) H = Usp(8) dimR (G/H) = 42
D = 4 E7(7) H = SU(8) dimR (G/H) = 70
D = 3 E8(8) H = O(16) dimR (G/H) = 128
the two possible chains of sequential toroidal compactifications within the algebraic structure of
the isometry groups Gx and identifying which scalar field appears at which step of the sequential
chain. Such a problem has a very elegant and instructive solution in terms of a rather simple and
classical mathematical theory, namely the solvable Lie algebra parametrization of non–compact
cosets. This mathematical theory that makes a perfect match with the string theory origin of
supergravities plays an important role in the discussion of p–brane solutions. I will review it
in chapter 4. As we are going to see there, in the Solvable Lie algebra parametrizations the
scalar fields are divided into two groups, those that are associated with Cartan generators of the
solvable algebra and those that are associated with nilpotent generators. The Cartan scalars
are those that play the role of generalized dilatons and couple to the field strength p + 2–forms
as in eq.(1.2.1). Within the algebraic approach the a parameters appearing in the couplings
of type exp [−aφ] |F [p+2]|2 have an interpretation in terms of roots and weights of the Gx Lie
algebras which provides a very important insight into the whole matter. The solvable Lie algebra
approach that in maximal supergravities helps so clearly to master the string theory origin of
the cosets G/H can be extended also to the scalar manifolds of theories with a lesser number of
supercharges. Indeed, from a mathematical point of view it works for all non–compact cosets.
We refer the reader to chapter 4 for a review of these ideas and of this geometrical setup.
2.4 Duality symmetries in even dimensions and the coupling of self–
dual forms
Generically a p–brane in D–dimensions either carries an electric charge with respect a (p + 1)-
form gauge field A[p+1] or a magnetic charge with respect to the dual D− p− 3–form A[D−p−3]dual .
In the general case it cannot be dyonic with respect to the same gauge field since
p+ 1 6= D − p− 3 (2.4.1)
However, in even dimension D = 2r, the Diophantine eq.(2.4.1) admits one solution p = D−42 ,
so that we always have, in this case, a special instance of branes which can be dyonic: they
are particles or 0–branes in D = 4, strings or 1–branes in D = 6 and 2–branes in D = 8. The
possible presence of such dyonic objects has profound implications on the structure of the even
dimensional supergravity lagrangians. Indeed most of the dualities, T , S and U that relate the
five perturbative superstrings have a non trivial action on p-branes and generically transform
them as electric–magnetic duality rotations. Hence, when self–dual r − 1–forms are available,
string dualities reflect into duality symmetries of the supergravity lagrangians which constitute
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an essential ingredient in their construction. By duality symmetry we mean the following: a
certain group of transformations Gdual acts on the set of field equations of supergravity plus the
Bianchi identities of the r − 1–forms mapping this set into itself. Clearly Gdual acts also on the
scalar fields φI and in order to be a symmetry it must respect their kinetic term gIJ(φ)∂µφ
I ∂µφJ .
This happens if and only if Gdual is a group of isometries for the scalar metric gIJ(φ). In other
words string dualities are encoded in the isometry group of the scalar manifold of supergravity
which is lifted to act as a group of electric–magnetic duality rotations on the r − 1–forms.
The request that these duality symmetries do exist determines the general form of the su-
pergravity lagrangian and is a key ingredient in its construction. For this reason in the present
section I consider the case of even dimensions D = 2r and I review the general structure of an
abelian theory containing n differential (r − 1)–forms:
AΛ ≡ AΛµ1... µr−1 dxµ1 ∧ . . . ∧ dxµr−1 ; (Λ = 1, . . . , n) (2.4.2)
and m real scalar fields φI . The field strengths of the r − 1–forms and their Hodge duals are
defined as follows:
FΛ ≡ dAΛ ≡ 1r! FΛµ1... µr dxµ1 ∧ . . . ∧ dxµr ; FΛµ1... µr ≡ ∂µ1AΛµ2... µr + r-2 terms
FΛ⋆ ≡ 1r! F˜Λµ1... µr dxµ1 ∧ . . . ∧ dxµr ; F˜Λµ1... µr ≡ 1r!εµ1...µrν1...νr FΛ|ν1...νr
(2.4.3)
Defining the space–time integration volume as :
dDx ≡ 1
D!
εµ1...µD dx
µ1 ∧ . . . ∧ dxµD (2.4.4)
we obtain:
FΛ ∧ FΣ = 1
(r!)2
εµ1...µrν1...νr FΛµ1... µr FΣν1... νr
FΛ ∧ FΣ⋆ = (−)r 1
(r!)
FΛµ1... µr FΣ|µ1... µr (2.4.5)
The real scalar fields φI ( I = 1, . . . ,m) span anm–dimensional manifoldMscalar 7 endowed with
a metric gIJ(φ). Utilizing the above field content we can write the following action functional:
S = Stens + Sscal
Stens =
∫ [
(−)r
2
γΛΣ(φ)F
Λ ∧ FΣ⋆ + 1
2
θΛΣ(φ)F
Λ ∧ FΣ
]
Sscal =
∫ [
1
2
gIJ(φ) ∂µφ
I ∂µφJ
]
dDx (2.4.6)
where the scalar field dependent n × n matrix γΛΣ(φ) generalizes the inverse of the squared
coupling constant 1g2 appearing in ordinary 4D–gauge theories. The field dependent matrix
θΛΣ(φ) is instead a generalization of the theta–angle of quantum chromodynamics. The matrix
γ is symmetric in every space–time dimension, while θ is symmetric or antisymmetric depending
on whether r = D/2 is an even or odd number. In view of this fact it is convenient to distinguish
the two cases, setting:
D =
{
4ν ν ∈ Z | r = 2ν
4ν + 2 ν ∈ Z | r = 2ν + 1 (2.4.7)
7 whether the φI can be arranged into complex fields is not relevant at this level of the discussion
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Introducing a formal operator j that maps a field strength into its Hodge dual:
(
jFΛ)
µ1...µr
≡ 1
(r!)
ǫµ1...µrν1...νr FΛ|ν1...νr (2.4.8)
and a formal scalar product:
(G , K) ≡ GTK ≡ 1
(r!)
n∑
Λ=1
GΛµ1...µrK
Λ|µ1...µr (2.4.9)
the total lagrangian of eq. (2.4.6) can be rewritten as
L(tot) = FT (γ ⊗ 1 + θ ⊗ j)F + 1
2
gIJ(φ) ∂µφ
I ∂µφJ (2.4.10)
and the essential distinction between the two cases of eq.(2.4.7) is given, besides the symmetry
of θ, by the involutive property of j, namely we have:
D = 4ν | θ = θT j2 = −1
D = 4ν + 2 | θ = −θT j2 = 1 (2.4.11)
Introducing dual and antiself–dual combinations:
D = 4ν
{F± = F ∓ i jF
j F± = ±iF±
D = 4ν + 2
{F± = F ± jF
j F± = ±F±
(2.4.12)
and the field–dependent matrices:
D = 4ν
{N = θ − iγ
N = θ + iγ
D = 4ν + 2
{N = θ + γ
−N T = θ − γ
(2.4.13)
the tensor part of the lagrangian (2.4.10) can be rewritten in the following way in the two cases:
D = 4ν : Ltens = i
8
[F+TNF+ −F−TNF−]
D = 4ν + 2 : Ltens = 1
8
[F+TNF+ + F−TN TF−] (2.4.14)
Introducing the new tensor:
G˜Λµ1...µr ≡ −(r!) ∂L∂FΛµ1...µr D = 4ν
G˜Λµ1...µr ≡ (r!) ∂L∂FΛµ1...µr D = 4ν + 2
(2.4.15)
which, in matrix notation, corresponds to:
j G ≡ a ∂L
∂FT =
a
r!
(γ ⊗ 1 + θ ⊗ j) F (2.4.16)
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where a = ∓ depending on whether D = 4ν or D = 4ν + 2, the Bianchi identities and field
equations associated with the lagrangian (2.4.6) can be written as follows:
∂µ1F˜Λµ1...µr = 0 ; ∂µ1 G˜Λµ1...µr = 0 (2.4.17)
This suggests that we introduce the 2n column vector :
V ≡
(
j F
j G
)
(2.4.18)
and that we consider general linear transformations on such a vector:(
jF
j G
)′
=
(
A B
C D
)(
j F
j G
)
(2.4.19)
For any matrix
(
A B
C D
)
∈ GL(2n,R) the new vectorV′ ofmagnetic and electric field–strengths
satisfies the same equations 2.4.17 as the old one. In a condensed notation we can write:
∂V′ = 0 ⇐⇒ ∂V′ = 0 (2.4.20)
Separating the self–dual and anti–self–dual parts
F = 1
2
(F+ + F−) ; G = 1
2
(G+ + G−) (2.4.21)
and taking into account that for D = 4ν we have:
G+ = NF+ G− = NF− (2.4.22)
while for D = 4ν + 2 the same equation reads:
G+ = NF+ G− = −N TF− (2.4.23)
the duality rotation of eq.(2.4.19) can be rewritten as:
D = 4ν :
(F+
G+
)′
=
(
A B
C D
)( F+
NF+
)
(F−
G−
)′
=
(
A B
C D
)( F−
NF−
)
D = 4ν + 2 :
(F+
G+
)′
=
(
A B
C D
)( F+
NF+
)
(F−
G−
)′
=
(
A B
C D
)( F−
−N TF−
)
(2.4.24)
In both cases the problem is that the transformation rule (2.4.24) of G± must be consistent with
the definition of the latter as variation of the Lagrangian with respect to F± (see eq.(2.4.15)).
This request restricts the form of the matrix Λ =
(
A B
C D
)
. As we are just going to show, in
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the D = 4ν case Λ must belong to the symplectic subgroup Sp(2n,R) of the special linear group,
while in the D = 4ν + 2 case it must be in the pseudorthogonal subgroup SO(n, n):
D = 4ν :
(
A B
C D
)
∈ Sp(2n,R) ⊂ GL(2n,R)
D = 4ν + 2 :
(
A B
C D
)
∈ SO(n, n) ⊂ GL(2n,R)
(2.4.25)
the above subgroups being defined as the set of 2n × 2n matrices satisfying, respectively, the
following conditions:
Λ ∈ Sp(2n,R) → ΛT
(
0 1
−1 0
)
Λ =
(
0 1
−1 0
)
Λ ∈ SO(n, n) → ΛT
(
0 1
1 0
)
Λ =
(
0 1
1 0
) (2.4.26)
To prove the statement we just made, we calculate the transformed lagrangian L′ and then
we compare its variation ∂L
′
∂F ′T with G±′ as it follows from the postulated transformation rule
(2.4.24). To perform such a calculation we rely on the following basic idea. While the duality
rotation (2.4.24) is performed on the field strengths and on their duals, also the scalar fields are
transformed by the action of some diffeomorphism ξ ∈ Diff (Mscalar) of the scalar manifold and,
as a consequence of that, also the matrix N changes. In other words given the scalar manifold
Mscalar we assume that in the two cases of interest there exists a surjective homomorphism of
the following form :
ιδ : Diff (Mscalar) −→ GL(2n,R) (2.4.27)
so that:
∀ ξ ∈ Diff (Mscalar) : φI ξ−→ φI′
∃ιδ(ξ) =
(
Aξ Bξ
Cξ Dξ
)
∈ GL(2n,R) (2.4.28)
Using such a homomorphism we can define the simultaneous action of ξ on all the fields of our
theory by setting:
ξ :
φ −→ ξ(φ)V −→ ιδ(ξ)VN (φ) −→ N (ξ(φ)) (2.4.29)
where the notation (2.4.18) has been utilized. In the tensor sector the transformed lagrangian, is
L′tens =
i
8
[
F+T (A+BN )TN ′(A+BN )F+ − F−T (A+BN )TN ′(A+BN )F−]
(2.4.30)
for the D = 4ν case and
L′tens =
i
8
[
F+T (A+BN )TN ′(A+BN )F+ − F−T (A−BN T )TN T ′(A−BN T )F−]
(2.4.31)
Consistency with the definition of G+ requires, in both cases that
N ′ ≡ N (ξ(φ)) = (Cξ +DξN ) (Aξ +BξN )−1 (2.4.32)
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while consistency with the definition of G− imposes, in the D = 4ν case the transformation rule:
N ′ ≡ N (ξ(φ)) = (Cξ +DξN ) (Aξ +BξN )−1 (2.4.33)
and in the case D = 4ν + 2 the other transformation rule:
−N T ′ ≡ −N T (ξ(φ)) = (Cξ −DξN T ) (Aξ −BξN T )−1 (2.4.34)
It is from the transformation rules (2.4.32),(2.4.33) and (2.4.34) that we derive a restriction on the
form of the duality rotation matrix Λξ ≡ ιδ(ξ). Indeed, in the D = 4ν case we have that by means
of the fractional linear transformation (2.4.32) Λξ must map an arbitrary complex symmetric
matrix into another matrix of the same sort. It is straightforward to verify that this condition
is the same as the first of conditions (2.4.26), namely the definition of the symplectic group
Sp(2n,R). Similarly in the D = 4ν + 2 case the matrix Λξ must obey the property that taking
the negative of the transpose of an arbitrary real matrix N before or after the fractional linear
transformation induced by Λξ is immaterial. Once again, it is easy to verify that this condition
is the same as the second property in eq.(2.4.26), namely the definition of the pseudorthogonal
group SO(n, n). Consequently the surjective homomorphism of eq.(2.4.27) specializes as follows
in the two relevant cases
ιδ :
{
Diff (Mscalar) −→ Sp(2n,R)
Diff (Mscalar) −→ SO(n, n) (2.4.35)
Clearly, since both Sp(2n,R) and SO(n, n) are finite dimensional Lie groups, while Diff (Mscalar)
is infinite–dimensional, the homomorphism ιδ can never be an isomorphism. Defining the Torelli
group of the scalar manifold as:
Diff (Mscalar) ⊃ Tor (Mscalar) ≡ ker ιδ (2.4.36)
we always have:
dimTor (Mscalar) = ∞ (2.4.37)
The reason why have given the name of Torelli to the group defined by eq. 2.4.36 is because of
its similarity with the Torelli group that occurs in algebraic geometry. There one deals with the
moduli space Mmoduli of complex structures of a (p+ 1)–fold Mp+1 and considers the action of
the diffeomorphism group Diff (Mmoduli) on canonical homology bases of (p+1)–cycles. Since this
action must be linear and must respect the intersection matrix, which is either symmetric or anti-
symmetric depending on the odd or even parity of p, it follows that one obtains a homomorphism
similar to that in eq. 2.4.35:
ιh :
{
Diff (Mmoduli) −→ Sp(2n,R)
Diff (Mmoduli) −→ SO(n, n) (2.4.38)
The Torelli group is usually defined as the kernel of such a homomorphism. When cohomology
with real coefficients is replaced by cohomology with integer coefficients the homomorphism of
eq. 2.4.38 reduces to
ιh :
{
Diff (Mmoduli) −→ Sp(2n,Z)
Diff (Mmoduli) −→ SO(n, n,Z) (2.4.39)
and the Torelli group becomes even larger.
This similarity between two problems that are, at first sight, totally disconnected is by no
means accidental. When the supergravity lagrangian that we consider emerges from some com-
pactification of string theory, the scalar manifold Mscalar is identified with the moduli–space of
Duality symmetries in even dimensions 29
complex structures for suitable complex (p+1)–folds or tori and the duality rotations are related
with changes of integer homology basis. From the physical point of view what requires the re-
striction from the continuous duality groups Sp(2n,R), SO(n, n,Z) to their discrete counterparts
Sp(2n,Z), SO(n, n,Z) is the Dirac quantization condition of electric and magnetic charges
qe qm
4π ~
=
n
2
n ∈ Z (2.4.40)
which obviously occurs when electric and magnetic currents are introduced. Indeed the lattice
spanned by electric and magnetic charges is eventually identified with the integer homology lattice
of the corresponding (p+ 1)–fold.
In view of this analogy, the natural question which arises is the following: what is the
counterpart in algebraic geometry of the matrix N that appears in the kinetic terms of the gauge
fields? In view of its transformation property eq.(2.4.32) the answer is very simple: it is the
period matrix. Consider for instance the situation, occurring in Calabi–Yau three–folds, where
the middle cohomology group H3DR (M3) admits a Hodge–decomposition of the type:
H
(3)
DR(M3) = H(3,0) ⊕ H(2,1) ⊕ H(1,2) ⊕ H(0,3) (2.4.41)
and where the canonical bundle is trivial:
c1 (TM) = 0 ←→ dimH(3,0) = 1 (2.4.42)
naming Ω(3,0) the unique (up to a multiplicative constant) holomorphic 3–form, and choosing a
canonical homology basis of 3–cycles (AΛ, BΣ) satisfying :
AΛ ∩ AΣ = 0 AΛ ∩ B∆ = δΛ∆
BΓ ∩ AΣ = − δΛΣ BΓ ∩ B∆ = 0
(2.4.43)
where
Λ,Σ . . . = 1, . . . n = 1 + h(2,1) (2.4.44)
we can define the periods:
XΛ(φ) =
∫
AΛ
Ω(3,0)(φ) ; FΣ(φ) =
∫
AΣ
Ω(3,0)(φ) (2.4.45)
where φi (i = 1, . . . h(2,1)) are the moduli of the complex structures and we can implicitly define
the period matrix by the relation:
FΛ = NΛΣXΣ (2.4.46)
Under a diffeomorphism ξ of the manifold of complex structures the period vector
V (φ) =
(
XΛ(φ)
FΣ(φ)
)
(2.4.47)
will transform linearly through the Sp(2n,R) matrix ιh(ξ) defined by the homomorphism in
eq.(2.4.38); at the same time the period matrix N will obey the linear fractional transformation
rule of eq.(2.4.32). Indeed the intersection relations in eq.(2.4.43) define the symplectic invariant
metric
(
0 1
−1 0
)
What should be clear from the above discussion is that a family of Lagrangians as in eq.
(2.4.6) will admit a group of duality–rotations/field–redefinitions that will map one into the other
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member of the family, as long as a kinetic matrix NΛΣ can be constructed that transforms as in
eq.(2.4.32). A way to obtain such an object is to identify it with the period matrix occurring in
problems of algebraic geometry. At the level of the present discussion, however, this identification
is by no means essential: any construction of NΛΣ with the appropriate transformation properties
is acceptable.
Note also that so far we have used the words duality–rotations/field–redefinitions and not
the word duality symmetry. Indeed the diffeomorphisms of the scalar manifold we have con-
sidered were quite general and, as such had no claim to be symmetries of the action, or of the
theory. Indeed the question we have answered is the following: what are the appropriate trans-
formation properties of the tensor gauge fields and of the generalized coupling constants under
diffeomorphisms of the scalar manifold? The next question is obviously that of duality symme-
tries. Suppose that a certain diffeomorphism ξ ∈ Diff (Mscalar) is actually an isometry of the
scalar metric gIJ . Naming ξ
⋆ : TMscalar → TMscalar the push–forward of ξ, this means that
∀X,Y ∈ TMscalar
g (X,Y ) = g (ξ⋆X, ξ⋆Y ) (2.4.48)
and ξ is an exact global symmetry of the scalar part of the Lagrangian in eq (2.4.6). The obvious
question is: ” can this symmetry be extended to a symmetry of the complete action? Clearly the
answer is that, in general, this is not possible. The best we can do is to extend it to a symmetry of
the field equations plus Bianchi identities letting it act as a duality rotation on the field–strengths
plus their duals. This requires that the group of isometries of the scalar metric Giso(Mscalar) be
suitably embedded into the duality group (either Sp(2n,R) or SO(n, n) depending on the case)
and that the kinetic matrix NΛΣ satisfies the covariance law:
N (ξ(φ)) = (Cξ +DξN (φ)) (Aξ +BξN (φ)) (2.4.49)
A general class of solutions to this programme can be derived in the case where the scalar manifold
is taken to be a homogeneous space G/H. This is the subject of next section.
2.5 The kinetic matrix N and symplectic embeddings
In our survey of the geometric features of bosonic supergravity lagrangians that are specifically
relevant for p–brane solutions the next important item we have to consider is the kinetic term of
the p+ 1–form gauge fields. Generically it is of the form:
LKinforms = NΛΣ (φ) FΛµ1...µp+2 FΣ|µ1...µp+2 (2.5.50)
where NΛΣ is a suitable scalar field dependent symmetric matrix. In the case of self–dual p+ 1–
forms, that occurs only in even dimensions, the matrix N is completely fixed by the requirement
that the ungauged supergravity theory should admit duality symmetries. Furthermore as remarked
in the previous section, the problem of constructing duality–symmetric lagrangians of the type
(2.4.6) admits general solutions when the scalar manifold is a homogeneous space G/H. Hence I
devote the present section to review the construction of the kinetic period matrix N in the case
of homogeneous spaces. The case of odd space dimensions where there are no dualities will be
addressed in a subsequent section.
The relevant cases of even dimensional supergravities are:
(i) In D = 4 the self–dual forms are ordinary gauge vectors and the duality rotations are
symplectic. There are several theories depending on the number of supersymmetries. They
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are summarized in table 2.1. Each theory involves a different number n of vectors AΛ and
different cosets GH but the relevant homomorphism ιδ (see eq. 2.4.35) is always of the same
type:
ιδ : Diff
( G
H
)
−→ Sp(2n,R) (2.5.51)
having denoted by n the total number of vector fields that is displayed in table 2.1
(ii) In D = 6 we have self-dual 2–forms. Also here we have a few different possibilities depending
on the number (N+,N−) of left and right handed supersymmetries with a variable number n
of 2–forms. In particular for the (2, 2) theory that originates from type IIA compactifications
the scalar manifold is:
G/H = O(4, n)
O(4)×O(n) ×O(1, 1) (2.5.52)
while for the (4, 0) theory that originates from type IIB compactifications the scalar manifold
is the following:
G/H = O(5, n)
O(5)×O(n) (2.5.53)
Finally in the case of (N+ = 2,N− = 0) supergravity, the scalar manifold is
Mscalar = O(1, n)
O(n)
×QM (2.5.54)
the first homogeneous factor O(1,n)O(n) containing the scalars of the tensor multiplets, while
the second factor denotes a generic quaternionic manifold that contains the scalars of the
hypermultiplets. In all cases the relevant embedding is
ιδ : Diff
( G
H
)
−→ SO(n, n) (2.5.55)
where n is the total number of 2–forms, namely:
n = 4 + n for the (2, 2) theory
n = 5 + n for the (4, 0) theory
n = 1 + n for the (2, 0) theory
(2.5.56)
(iii) In D = 8 we have self–dual three–forms. There are two theories. The first is maximally
extended N = 2 supergravity where the number of three–forms is n = 3 and the scalar coset
manifold is:
G/H = SL(3,R)
O(3)
× SL(2,R)
O(2)
(2.5.57)
The second theory is N = 1 supergravity that contains n = 1 three–forms and where the
scalar coset is:
G/H = SO(2, n)
SO(2)× SO(n) ×O(1, 1) (2.5.58)
having denoted n = #of vector multiplets. In the two cases the relevant embedding is
symplectic and specifically it is:
ιδ : Diff
( G
H
)
−→
{
Sp(6,R) maximal supergravity
Sp(2,R) N = 1 supergravity
(2.5.59)
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2.5.1 Symplectic embeddings in general
Let us begin with the case of symplectic embeddings relevant to D = 4 and D = 8 theories.
Focusing on the isometry group of the canonical metric defined on GH
8:
Giso
( G
H
)
= G (2.5.60)
we must consider the embedding:
ιδ : G −→ Sp(2n,R) (2.5.61)
That in eq.(2.5.51) is a homomorphism of finite dimensional Lie groups and as such it constitutes
a problem that can be solved in explicit form. What we just need to know is the dimension of
the symplectic group, namely the number n of D−42 –forms appearing in the theory. Without
supersymmetry the dimension m of the scalar manifold (namely the possible choices of GH ) and
the number of vectors n are unrelated so that the possibilities covered by eq.(2.5.61) are infinitely
many. In supersymmetric theories, instead, the two numbers m and n are related, so that there
are finitely many cases to be studied corresponding to the possible embeddings of given groups
G into a symplectic group Sp(2n,R) of fixed dimension n. Actually taking into account further
conditions on the holonomy of the scalar manifold that are also imposed by supersymmetry, the
solution for the symplectic embedding problem is unique for all extended supergravities as we
have already remarked. In D = 4 this yields the unique scalar manifold choice displayed in
table 2.1, while in the other dimensions gives the results recalled above.
Apart from the details of the specific case considered once a symplectic embedding is given
there is a general formula one can write down for the period matrix N that guarantees symmetry
(N T = N ) and the required transformation property (2.4.49). This is the first result I want to
present.
The real symplectic group Sp(2n,R) is defined as the set of all real 2n× 2n matrices
Λ =
(
A B
C D
)
(2.5.62)
satisfying the first of equations (2.4.26), namely
ΛT CΛ = C (2.5.63)
where
C ≡
(
0 1
−1 0
)
(2.5.64)
If we relax the condition that the matrix should be real but we still impose eq.(2.5.63) we obtain
the definition of the complex symplectic group Sp(2n,C). It is a well known fact that the following
isomorphism is true:
Sp(2n,R) ∼ USp(n, n) ≡ Sp(2n,C) ∩ U(n, n) (2.5.65)
By definition an element S ∈ USp(n, n) is a complex matrix that satisfies simultaneously
eq.(2.5.63) and a pseudounitarity condition, that is:
ST CS =C ; S† IHS = IH ; IH ≡
(
1 0
0 −1
)
(2.5.66)
8 Actually, in order to be true, eq.(2.5.60) requires that that the normaliser of H in G be the identity group, a
condition that is verified in all the relevant examples
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The general block form of the matrix S is:
S =
(
T V ⋆
V T ⋆
)
(2.5.67)
and eq.s (2.5.66) are equivalent to:
T † T − V † V = 1 ; T † V ⋆ − V † T † = 0 (2.5.68)
The isomorphism of eq.(2.5.65) is explicitly realized by the so called Cayley matrix:
C ≡ 1√
2
(
1 i1
1 −i1
)
(2.5.69)
via the relation:
S = C Λ C−1 (2.5.70)
which yields:
T =
1
2
(A− iB) + 1
2
(D + iC) ; V =
1
2
(A− iB)− 1
2
(D + iC) (2.5.71)
When we set V = 0 we obtain the subgroup U(n) ⊂ USp(n, n), that in the real basis is given by
the subset of symplectic matrices of the form
(
A B
−B A
)
. The basic idea, to obtain the general
formula for the period matrix, is that the symplectic embedding of the isometry group G will
be such that the isotropy subgroup H ⊂ G gets embedded into the maximal compact subgroup
U(n), namely:
G ιδ−→USp(n, n) ; G ⊃ H ιδ−→U(n) ⊂ USp(n, n) (2.5.72)
If this condition is realized let L(φ) be a parametrization of the coset G/H by means of coset
representatives. By this we mean the following. Let φI be local coordinates on the manifold
G/H: to each point φ ∈ G/H we assign an element L(φ) ∈ G in such a way that if φ′ 6= φ, then no
h ∈ H can exist such that L(φ′) = L(φ) ·h. In other words for each equivalence class of the coset
(labelled by the coordinate φ) we choose one representative element L(φ) of the class. Relying
on the symplectic embedding of eq.(2.5.72) we obtain a map:
L(φ) −→ O(φ) =
(
U0(φ) U
⋆
1 (φ)
U1(φ) U
⋆
0 (φ)
)
∈ USp(n, n) (2.5.73)
that associates to L(φ) a coset representative of USp(n, n)/U(n). By construction if φ′ 6= φ no
unitary n× n matrix W can exist such that:
O(φ′) = O(φ)
(
W 0
0 W ⋆
)
(2.5.74)
On the other hand let ξ ∈ G be an element of the isometry group of G/H. Via the symplectic
embedding of eq.(2.5.72) we obtain a USp(n, n) matrix
Sξ =
(
Tξ V
⋆
ξ
Vξ T
⋆
ξ
)
(2.5.75)
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such that
Sξ O(φ) = O(ξ(φ))
(
W (ξ, φ) 0
0 W ⋆(ξ, φ)
)
(2.5.76)
where ξ(φ) denotes the image of the point φ ∈ G/H through ξ and W (ξ, φ) is a suitable U(n)
compensator depending both on ξ and φ. Combining eq.s (2.5.76),(2.5.73), with eq.s (2.5.71) we
immediately obtain:
U †0 (ξ(φ)) + U
†
1 (ξ(φ)) =W
†
[
U †0 (φ)
(
AT + iBT
)
+ U †1 (φ)
(
AT − iBT )]
U †0 (ξ(φ)) − U †1 (ξ(φ)) =W †
[
U †0 (φ)
(
DT − iCT )− U †1 (φ) (DT + iCT )] (2.5.77)
Setting:
N ≡ i
[
U †0 + U
†
1
]−1 [
U †0 − U †1
]
(2.5.78)
and using the result of eq.(2.5.77) one verifies that the transformation rule (2.4.49) is verified. It
is also an immediate consequence of the analogue of eq.s (2.5.68) satisfied by U0 and U1 that the
matrix in eq.(2.5.78) is symmetric
N T = N (2.5.79)
Eq. (2.5.78) is the masterformula derived in 1981 by Gaillard and Zumino [64]. It explains the
structure of the gauge field kinetic terms in all N ≥ 3 extended supergravity theories and also in
those N = 2 theories where, the special Ka¨hler manifold SM is a homogeneous manifold G/H.
Similarly it applies to the kinetic terms of the three–forms in D = 8. In particular, using eq.
(2.5.78) we can easily retrieve the structure of N = 4 supergravity, on which I have more to say
in the sequel. Actually, given the information (following from N = 4 supersymmetry) that the
scalar manifold is the following coset manifold (see table 2.1):
MN=4scalar = ST [6, n]
ST [m,n] ≡ SU(1, 1)
U(1)
⊗ SO(m,n)
SO(m)⊗ SO(n)
(2.5.80)
what we just need to study is the symplectic embedding of the coset manifolds ST [6, n] where
n is the number vector multiplets in the theory. This is what I do next considering the general
case of ST [m,n] manifolds.
2.5.2 Symplectic embedding of the ST [m,n] homogeneous manifolds
The first thing I should do is to justify the name I have given to the particular class of coset man-
ifolds I propose to study. The letters ST stand for space–time and target space duality. Indeed,
the isometry group of the ST [m,n] manifolds defined in eq.(2.5.80) contains a factor (SU(1, 1))
whose transformations act as non–perturbative S–dualities and another factor (SO(m,n) whose
transformations act as T –dualities, holding true at each order in string perturbation theory. Fur-
thermore S is the traditional name given, in superstring theory, to the complex field obtained by
combining together the dilaton D and axion A:
S = A− iexp[D] ; ∂µA ≡ εµνρσ ∂ν Bρσ (2.5.81)
while ti is the name usually given to the moduli–fields of the compactified target space. Now in
string and supergravity applications S is identified with the complex coordinate on the manifold
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SU(1,1)
U(1) , while t
i are the coordinates of the coset space SO(m,n)SO(m)⊗SO(n) . Although as differentiable
and metric manifolds the spaces ST [m,n] are just direct products of two factors (corresponding
to the above mentioned different physical interpretation of the coordinates S and ti), from the
point of view of the symplectic embedding and duality rotations they have to be regarded as a
single entity. This is even more evident in the case m = 2, n = arbitrary, where the following
theorem has been proven by Ferrara and Van Proeyen [65]: ST [2, n] are the only special Ka¨hler
manifolds with a direct product structure. For the definition of special Ka¨hler manifolds I refer
to [45].
Moduli spaces of string compactifications and discrete duality groups In the N = 4 case to make
direct contact with string theory compactifications, I can recall that the tree–level moduli space
of the heterotic string compactified on a T 6 torus is
MN=4moduli = ST [6, 22] (2.5.82)
the number of abelian gauge fields being 22 = 6 (moduli of T 6) ⊕16 (rank of E8 × E8 ). Because
of the uniqueness ofN = 4 supergravity the quantum moduli–space SˆT [6, 22] cannot be anything
else but a manifold with the same covering space as ST [6, 22], namely a manifold with the same
local structure. Indeed the only thing which is not fixed by N = 4 supersymmetry is the global
structure of the scalar manifold. What actually comes out is the following result
SˆT [6, 22] = ST [6, 22]
SL(2,Z)⊗ SO(6, 22,Z) (2.5.83)
The homotopy group of the quantum moduli space:
π1
(
SˆT [6, 22]
)
= SL(2,Z)⊗ SO(6, 22,Z) (2.5.84)
is just the restriction to the integers Z of the original continuous duality group SL(2,R) ⊗
SO(6, 22,R) associated with the manifold ST [6, 22]. After modding by this discrete group the
duality–rotations that survive as exact duality symmetries of the quantum theory are those con-
tained in π1
(
SˆT [6, 22]
)
itself. This happens because of the Dirac quantization condition 2.4.40
of electric and magnetic charges, the lattice spanned by these charges being invariant under the
discrete group 2.5.84. At this junction the relevance, in the quantum theory, of the symplectic
embedding should appear. What does restriction to the integers exactly, mean? It means that
the image in Sp(56,R) of those matrices of SL(2,R)× SO(6, 22,R) that are retained as elements
of π1
(
SˆT [6, 22]
)
should be integer valued. In other words we define:
SL(2,Z)× SO(6, 22,Z) ≡ ιδ (SL(2,R)× SO(6, 22,R)) ∩ Sp(56,Z) (2.5.85)
As we see the statement in eq. (2.5.85) is dependent on the symplectic embedding. What is
integer valued in one embedding is not integer valued in another embedding. This raises the
question of the correct symplectic embedding. Such a question has two aspects:
(i) Intrinsically inequivalent embeddings
(ii) Symplectically equivalent embeddings that become inequivalent after gauging
The first issue in the above list is group–theoretical in nature. When we say that the group G is
embedded into Sp(2n,R) we must specify how this is done from the point of view of irreducible
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representations. Group–theoretically the matter is settled by specifying how the fundamental
representation of Sp(2n) splits into irreducible representations of G:
2n
G−→⊕ℓi=1 Di (2.5.86)
Once eq. (2.5.86) is given (in supersymmetric theories such information is provided by supersym-
metry ) the only arbitrariness which is left is that of conjugation by arbitrary Sp(2n,R) matrices.
Suppose we have determined an embedding ιdelta that obeys law (2.5.86), then:
∀S ∈ Sp(2n,R) : ι′δ ≡ S ◦ ιδ ◦ S−1 (2.5.87)
will obey the same law. That in eq. (2.5.87) is a symplectic transformation that corresponds to
an allowed duality–rotation/field–redefinition in the abelian theory of type (2.4.6) discussed in
the previous subsection. Therefore all abelian lagrangians related by such transformations are
physically equivalent.
Gaugings and Embeddings The matter changes in presence of gauging. When we switch on
the gauge coupling constant and the electric charges, symplectic transformations cease to yield
physically equivalent theories. This is the second issue in the above list. The choice of a symplectic
gauge becomes physically significant. As I have emphasized in the introduction, the construction
of supergravity theories proceeds in two steps. In the first step, which is the most extensive and
complicated, one constructs the abelian theory: at that level the only relevant constraint is that
encoded in eq.(2.5.86) and the choice of a symplectic gauge is immaterial. Actually one can write
the entire theory in such a way that symplectic covariance is manifest. In the second step one
gauges the theory. This breaks symplectic covariance and the choice of the correct symplectic
gauge becomes a physical issue.
These facts being cleared I proceed to discuss the symplectic embedding of the ST [m,n]
manifolds.
Let η be the symmetric flat metric with signature (m,n) that defines the SO(m,n) group,
via the relation
L ∈ SO(m,n) ⇐⇒ LT ηL = η (2.5.88)
Both in the N = 4 and in the N = 2 theory, the number of gauge fields is given by:
#vector fields = m⊕ n (2.5.89)
m being the number of graviphotons, namely of vectors contained in the graviton multiplet and
n being the number of vector multiplets. Hence we have to embed SO(m,n) into Sp(2m+ 2n,R)
and the explicit form of the decomposition in eq.(2.5.86) required by supersymmetry is:
2m+ 2n
SO(m,n)−→ m+ n⊕m+ n (2.5.90)
where m+ n denotes the fundamental representation of SO(m,n). Eq.(2.5.90) is easily under-
stood in physical terms. SO(m,n) must be a T–duality group, namely a symmetry holding true
order by order in perturbation theory. As such it must rotate electric field strengths into electric
field strengths and magnetic field strengths into magnetic field strengths. The two irreducible
representations into which the fundamental representation of the symplectic group decomposes
when reduced to SO(m,n) correspond precisely to the electric and magnetic sectors, respectively.
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In the simplest gauge the symplectic embedding satisfying eq.(2.5.90) is block–diagonal and takes
the form:
∀L ∈ SO(m,n) ιδ→֒
(
L 0
0 (LT )−1
)
∈ Sp(2m+ 2n,R) (2.5.91)
Consider instead the group SU(1, 1) ∼ SL(2,R). This is the factor in the isometry group of
ST [m,n] that is going to act by means of S–duality non perturbative rotations. Typically it
will rotate each electric field strength into its homologous magnetic one. Correspondingly su-
persymmetry implies that its embedding into the symplectic group must satisfy the following
condition:
2m+ 2n
SL(2,R)−→ ⊕m+ni=1 2 (2.5.92)
where 2 denotes the fundamental representation of SL(2,R). In addition it must commute with
the embedding (2.5.91) of SO(m,n). Both conditions are fulfilled by setting:
∀
(
a b
c d
)
∈ SL(2,R) ιδ→֒
(
a 1 b η
c η d 1
)
∈ Sp(2m+ 2n,R) (2.5.93)
Utilizing eq.s (2.5.70) the corresponding embeddings into the group USp(m + n,m + n) are
immediately derived:
∀L ∈ SO(m,n) ιδ→֒
(
1
2 (L+ ηLη)
1
2 (L− ηLη)
1
2 (L− ηLη) 12 (L+ ηLη)
)
∈ USp(m+ n,m+ n)
∀
(
t v⋆
v t⋆
)
∈ SU(1, 1) ιδ→֒
(
Ret1 + iImtη Rev1 − iImvη
Rev1 + iImvη Ret1 − iImtη
)
∈ USp(m+ n,m+ n)
(2.5.94)
where the relation between the entries of the SU(1, 1) matrix and those of the corresponding
SL(2,R) matrix are provided by the relation (2.5.71).
Equipped with these relations we can proceed to derive the explicit form of the period matrix
N .
The homogeneous manifold SU(1, 1)/U(1) can be conveniently parametrized in terms of a
single complex coordinate S, whose physical interpretation will be that of axion–dilaton, according
to eq. (2.5.81). The coset parametrization appropriate for comparison with other constructions
(Dimensional reduction (see [66])) is given by the matrices:
M(S) ≡ 1
n(S)
(
1 i−Si+S
i+S
i−S 1
)
; n(S) ≡
√
4ImS
1 + |S|2 + 2ImS (2.5.95)
To parametrize the coset SO(m,n)/SO(m) × SO(n) we can instead take the usual coset repre-
sentatives (see for instance [67]):
L(X) ≡
((
1 +XXT
)1/2
X
XT
(
1 +XTX
)1/2
)
(2.5.96)
where them×n real matrixX provides a set of independent coordinates. Inserting these matrices
into the embedding formulae of eq.s (2.5.94) we obtain a matrix:
USp(n+m,n+m) ∋ ιδ (M(S)) ◦ ιδ (L(X)) =
(
U0(S, X) U⋆1 (S, X)
U1(S, X) U⋆0 (S, X)
)
(2.5.97)
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that inserted into the master formula (2.5.78) yields the following result:
N = iImS ηL(X)LT (X)η +ReS η (2.5.98)
Alternatively, remarking that if L(X) is an SO(m,n) matrix also L(X)′ = ηL(X)η is such a
matrix and represents the same equivalence class, we can rewrite (2.5.98) in the simpler form:
N = iImS L(X)′LT ′(X) + ReS η (2.5.99)
2.6 Supergravities in five dimension and more scalar geometries
The recent renewed interest in five–dimensional gauged supergravities stems from two develop-
ments. On one hand we have the AdS5/CFT4 correspondence between
a superconformal gauge theories in D = 4, viewed as the world volume description of a stack
of D3–branes
b type IIB supergravity compactified on AdS5 times a five–dimensional internal manifold X
5
which yields a gauged supergravity model in D = 5
On the other hand we have the quest for supersymmetric realizations of the Randall-Sundrum
scenarios which also correspond to domain wall solutions of appropriate D = 5 gauged super-
gravities. It is, however, noteworthy that five dimensional supergravity has a long and interesting
history. The minimal theory (N = 2 ), whose field content is given by the metric gµν , a doublet of
pseudo Majorana gravitinos ψAµ (A = 1, 2) and a vector boson Aµ was constructed twenty years
ago [68] as the first non–trivial example of a rheonomic construction9. This simple model remains
to the present day the unique example of a perfectly geometric theory where, notwithstanding the
presence of a gauge boson Aµ, the action can be written solely in terms of differential forms and
wedge products without introducing Hodge duals. This feature puts pure D = 5 supergravity
into a selective club of few ideal theories whose other members are just pure gravity in arbitrary
dimension and pure N = 1 supergravity in four dimensions. The miracle that allows the boson
Aµ to propagate without introducing its kinetic term is due to the conspiracy of first order for-
malism for the spin connection ωab together with the presence of two Chern–Simons terms. The
first Chern Simons is the standard gauge one:
CSgauge = F ∧ F ∧A (2.6.1)
while the second is a mixed, gravitational-gauge Chern Simons that reads as follows
CSmixed = T
a ∧ F ∧ Va (2.6.2)
where V a is the vielbein and T a = DV a is its curvature, namely the torsion.
The possible matter multiplets for N = 2, D = 5 are the vector/tensor multiplets and the
hypermultiplets. The field content of the first type of multiplets is the following one:
AIµ (I = 1, . . . , nV ) vectors
λiA φ
i (i = 1, . . . , nV + nT ≡ n) (A = 1, 2)
BMµν (M = 1, . . . , nT ) tensors
 (2.6.3)
where by nV I have denoted the number of vectors or gauge 1–forms A
I
µ, nT being instead the
number of tensors or gauge 2–forms BMµν = −BMνµ . In ungauged supergravity, where everything
9 We leave aside pure N = 1, D = 4 supergravity that from the rheonomic viewpoint is a completely trivial case.
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is abelian, vectors and tensors are equivalent since they can be dualised into each other by means
of the transformation:
∂[µAν] = ǫ
λρσ
µν ∂λBρσ (2.6.4)
but in gauged supergravity it is only the 1–forms that can be promoted to non–abelian gauge
vectors while the 2–forms describe massive degrees of freedom. The other members of each
vector/tensor multiplet are a doublet of pseudo Majorana spin 1/2 fields:
λiA = ǫ
AB C
(
λ
iB
)T
; λ
iB
=
(
λiB
)†
γ0 ; A,B = 1, . . . , 2 . (2.6.5)
and a real scalar φi. The field content of hypermultiplets is the following:
hypermultiplets = {qu (u = 1, . . . , 4m) , ζα (α = 1, . . . 2m)} (2.6.6)
where, having denoted m the number of hypermultiplets, qu are m quadruplets of real scalar
fields and ζα are m doublets of pseudo Majorana spin 1/2 fields:
ζα = Cαβ C (ζβ)T ; ζβ = (ζβ)† γ0 ; α, β = 1, . . . , 2m (2.6.7)
the matrix CT = −C, C2 = −1 being the symplectic invariant metric of Sp(2m,R).
In the middle of the eighties Gunaydin Sierra and Townsend [69, 70] considered the general
structure of N = 2, D = 5 supergravity coupled to an arbitrary number n = nV + nT of
vector/tensor multiplets and discovered that this is dictated by a peculiar geometric structure
imposed by supersymmetry on the scalar manifold SVn that contains the φi scalars. In modern
nomenclature this peculiar geometry is named very special geometry and SVn are referred
to as real very special manifolds. The characterizing property of very special geometry arises
from the need to reconcile the transformations of the scalar members of each multiplet with those
of the vectors in presence of the Chern-Simons term (2.6.1) which generalizes to:
LCS = 1
8
dΛΣΓF
Λ
µν F
Σ
ρσ A
Γ
τ ǫ
µνρστ (2.6.8)
the symbol dΛΣΓ denoting some appropriate constant symmetric tensor and, having dualised all
2–forms to vectors, the range of the indices Λ,Σ,Γ being:
Λ = 1, . . . , n+ 1 =
 0 , I︸︷︷︸
I
, , M
 (2.6.9)
Indeed the total number of vector fields, including the graviphoton that belongs to the graviton
multiplet, is always n+1, n being the number of vector multiplets. It turns out that very special
geometry is completely defined in terms of the constant tensors dΛΣΓ that are further restricted by
a condition ensuring positivity of the energy. At the beginning of the nineties special manifolds
were classified and thoroughly studied by de Wit, Van Proeyen and some other collaborators
[71, 72, 73] who also explored the dimensional reduction from D = 5 to D = 4, clarifying the
way real very special geometry is mapped into the special Ka¨hler geometry featured by vector
multiplets in D = 4 and generically related to Calabi–Yau moduli spaces.
The 4m scalars of the hypermultiplet sector have instead exactly the same geometry in D = 4
as in D = 5 dimensions, namely they fill a quaternionic manifold QM. These scalar geometries
are a crucial ingredient in the construction of both the ungauged and the gauged supergravity
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lagrangians. Indeed the basic operations involved by the gauging procedure are based on the
specific geometric structures of very special and quaternionic manifolds, in particular the crucial
existence of a moment–map (see sect.3.4.1). For this reason the present section is devoted to a
summary of these geometries and to an illustration of the general form of the bosonic D = 5
lagrangians. Yet, before entering these mathematical topics, I want to recall the structure of
maximally extended (N = 8) supergravity in the same dimensions. Indeed it will be fruitful, in
the next chapter, to see the general structure of the gauged theories and compare the N = 8
with the N = 2 case within a unified framework.
As explained in section 2.3 (see in particular table 2.2) the scalar manifold of maximal
supergravity in five-dimensions is the 42–dimensional homogeneous space:
Mmaxscalar =
E6(6)
USp(8)
(2.6.10)
The holonomy subgroup H = USp(8) is the largest invariance group of complex linear transfor-
mations that respects the pseudo–Majorana condition on the 8 gravitino 1–forms:
ψA = ΩAB C (ψA)T A = 1, . . . , 8 . (2.6.11)
where ΩAB = −ΩBA is an antisymmetric 8× 8 matrix such that Ω2 = −1. Using these notations
where the capital Latin indices transform in the fundamental 8–representation of USp(8) we can
summarize the field content of the N = 8 graviton multiplet as:
(i) the graviton field, namely the fu¨nfbein 1–form V a
(ii) eight gravitinos ψA ≡ ψAµ dxµ in the 8 representation of USp(8)
(iii) 27 vector fields AΛ ≡ AΛµ dxµ in the 27 of E6(6)10
(iv) 48 dilatinos χABC in the 48 of USp(8)
(v) 42 scalars φ that parametrize the coset manifold E(6)6/USp(8). They appear in the theory
through the coset representative L ABΛ (φ), which is regarded as covariant in the (27,27) of
USp(8) × E6(6). This means the following. Since the fundamental 27 (real) representation
of E6(6) remains irreducible under reduction to the subgroup USp(8) ⊂ E6(6) it follows
that there exists a constant intertwining 27 × 27 matrix IABΣ that transforms the index
Σ running in the fundamental of E6(6) into an antisymmetric pair of indices
AB with the
additional property that AB ΩAB = 0 which is the definition of the 27 of USp(8). The coset
representative we use is to be interpreted as L ABΛ (φ) = L
Σ
Λ IABΣ .
The construction of the ungauged theory proceeds then through well established general steps and
the basic ingredients, namely the USp(8) connection in the 36 adjoint representation Q BA and
the scalar vielbein PABCD (fully antisymmetric in ABCD) are extracted from the left–invariant
1–form on the scalar coset according to:
L
−1 Λ
AB dL
CD
Λ = Q CDAB + P CDAB
Q CDAB = 2 δ[C[A Q D]B]
P CDAB = ΩAEΩBF PEFCD (2.6.12)
which is fully analogous to eq.(3.3.34) that applies to the D = 4 case and to the E7(7)/SU(8)
coset.
10 In the ungauged theory all two–forms have been dualized to vectors
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Independently from the number of supersymmetries we can write a general form for the
bosonic action of any D = 5 ungauged supergravity, namely the following one:
L(ungauged)(D=5) =
√−g
(
1
2
R − 1
4
NΛΣFΛµν FΣ|µν +
1
2
gij ∂µφ
i ∂µ φj
)
+
1
8
dΛΣΓ ǫ
µνρστ FΛµν F
Σ
ρσ A
Γ
τ (2.6.13)
where gij is the metric of the scalar manifold Mscalar , NΛΣ(φ) is a positive definite symmetric
function of the scalars that under the isometry group Giso of Mscalar transforms in
⊗2
symR,
having denoted by R a linear representation of Giso to which the vector fields AΓ are assigned.
Finally dΛΣΓ is a three–index symmetric tensor invariant with respect to the representation R.
At this point we invite the reader to compare the above statements with the general discussion
of section 2.2.1, in particular points B and C. As stated in eq. (2.2.4) the automorphism group
of N–extended supersymmetry (which in D = 5 is USp(N ) due to pseudo Majorana fermions)
must be contained as a factor in the holonomy group of the scalar manifold. On the other hand
the pi+1–forms must be assigned to linear representations Di of the isometry group forMscalar.
In our case having dualised the two forms we just have vectors, namely p+ 1 = 1–forms and the
representationR is the only Di we need to discuss. In the four–dimensional case the construction
of the lagrangian was mainly dictated by the symplectic embedding of eq.(2.5.61). Indeed, since
the 1–forms are self–dual in D = 4, then the isometries of the scalar manifolds must be realized
on the vectors as symplectic duality symmetries, according to the general discussion of section
2.4. In five dimensions, where no such duality symmetry can be realized, the isometry of the
scalar manifold has to be linearly realized on the vectors in such a way as to make it an exact
symmetry of the lagrangian (2.6.13). This explains while the kinetic matrix N must transform
in the representation
⊗2
symR
In maximal N = 8 supergravity the items involved in the construction of the bosonic la-
grangian have the following values:
(i) The scalar metric is the E6(6) invariant metric on the coset (2.6.10), namely:
gij =
1
6
PABCDi PABCD|j (2.6.14)
(ii) The vector kinetic metric is given by the following quadratic form in terms of the coset
representative:
NΛΣ = 4
(
L
AB
Λ L
CD
Σ ΩAC ΩBD
)
(2.6.15)
(iii) The representation R is the fundamental 27 of E6(6)
(iv) The tensor dΛΣΓ is the coefficient of the cubic invariant of E6(6) in the 27 representation.
To see how the same items are realized in the case of an N = 2 theory we have to introduce very
special and quaternionic geometry. Just before entering this it is worth nothing that also the
supersymmetry transformation rule of the gravitino field admits a general form (once restricted
to the purely bosonic terms), namely:
δψAµ = Dµ ǫA − 1
3
T ρσAB
(
gµρ γσ − 1
8
ǫµρσλν γ
λν
)
ǫB (2.6.16)
where the indices A,B run in the fundamental representation of the automorphism (R-symmetry)
group USp(N ) and the tensor T ρσAB, antisymmetric both in AB and in ρσ and named the gravipho-
ton field strength, is given by:
T ρσAB = ΦΛAB(φ)NΛΣFΣ|ρσ (2.6.17)
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the scalar field dependent tensor XΛAB(φ) being intrinsically defined as the coefficient of the term
ǫA ψBµ in the supersymmetry transformation rule of the vector field A
Λ
µ , namely:
δAΛµ = . . .+ 2 iΦ
Λ
AB(φ) ǫ
A ψBµ (2.6.18)
From its own definition it follows that under isometries of the scalar manifold ΦΛAB(φ) must
transform in the representation R of Giso times
∧2N of the R-symmetry USp(N ). In the case
of N = 8 supergravity the tensor ΦΛAB(φ) is simply the inverse coset representative:
ΦΛAB(φ) =
(
L
−1) Λ
AB
(2.6.19)
We see in the next subsection how the same object is generally realized in an N = 2 theory via
very special geometry.
2.6.1 Very special geometry
Very special geometry is the peculiar metric and associated Riemannian structure that can be
constructed on a very special manifold. By definition a very special manifold VSn is a real
manifold of dimension n that can be represented as the following algebraic locus in Rn+1:
1 = N(X) ≡
√
dΛΣ∆XΛXΣX∆ (2.6.20)
where XΛ (Λ = 1, . . . , n+ 1) are the coordinates of Rn+1 while
dΛΣ∆ (2.6.21)
is a constant symmetric tensor fulfilling some additional defining properties that I will recall
later on.
A coordinate system φi on VSn is provided by any parametric solution of eq.(2.6.20) such
that:
XΛ = XΛ(φ) ; φi = free ; i = 1, . . . , n (2.6.22)
The very special metric on the very special manifold is nothing else but the pull–back on the
algebraic surface (2.6.20) of the following Rn+1 metric:
ds2
Rn+1
= NΛΣ dXΛ ⊗ dXΣ (2.6.23)
NΛΣ ≡ − ∂Λ∂Σ ln N(X) (2.6.24)
In other words in any coordinate frame the coefficients of the very special metric are the following
ones:
gij(φ) = NΛΣ fΛi fΣj (2.6.25)
where we have introduced the new objects:
fΛi ≡ ∂iXΛ =
∂
∂φi
XΛ (2.6.26)
If we also define
FΛ =
∂
∂XΛ
ln N(X) ; hΛi ≡ ∂iFΛ (2.6.27)
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and introduce the 2(n+ 1)-vectors:
U =
(
XΛ
FΣ
)
; Ui = ∂iU =
(
fΛi
hΣi
)
(2.6.28)
taking a second covariant derivative it can be shown that the following identity is true:
∇iUj = 2
3
gijU +
√
2
3
Tijk g
kℓ Uℓ (2.6.29)
where the world–index symmetric coordinate dependent tensor Tijk is related to the constant
tensor dΛΓΣ by:
dΛΓΣ =
20
27
FΛ FΓ FΣ − 2
3
N(ΛΓ FΣ) + 827Tijk g
ipgjqgkr hΛp hΓq hΣr (2.6.30)
The identity (2.6.29) is the real counterpart of a completely similar identity that holds true in
special Ka¨hler geometry and also defines a symmetric 3–index tensor. In the use of very special
geometry to construct a supersymmetric field theory the essential property is the existence of the
section XΛ(φ). Indeed it is this object that allows the writing of the tensor ΦΛAB(φ) appearing
in the vector transformation rule (2.6.18). It suffice to set:
ΦΛAB(φ) = X
Λ(φ) ǫAB (2.6.31)
Why do we call it a section? Since it is just a section of a flat vector bundle of rank n+ 1
FB
π→ SVn (2.6.32)
with base manifold the very special manifold and structural group some subgroup of the n + 1
dimensional linear group: Giso ⊂ GL(n+1,R). The bundle is flat because the transition functions
from one local trivialization to another one are constant matrices:
∀g ∈ Giso : XΛ(g φ) = (M [g])ΛΣ XΣ(φ) ; M [g] = constant matrix (2.6.33)
The structural group Giso is implicitly defined as the set of matricesM that leave the dΛΓΣ tensor
invariant:
M ∈ Giso ⇔ M Σ1Λ1 M Σ2Λ2 M Σ3Λ3 dΛ1Λ2Λ3 = dΣ1Σ2Σ3 (2.6.34)
Since the very special metric is defined by eq.(2.6.25) it immediately follows that Giso is also the
isometry group of such a metric, its action in any coordinate patch (2.6.22) being defined by the
action (2.6.33) on the section XΛ. This fact explains the name given to this group.
By means of this reasoning I have shown that the classification of very special manifolds is
fully reduced to the classification of the constant tensors dΛΓΣ such that their group of invariances
acts transitively on the manifold SVn defined by eq. (2.6.20) and that the special metric (2.6.25)
is positive definite. This is the algebraic problem that was completely solved by de Wit and Van
Proeyen in [71]. They found all such tensors and the corresponding manifolds. There is a large
subclass of very special manifolds that are homogeneous spaces but there are also infinite families
of manifolds that are not G/H cosets.
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2.6.2 The very special geometry of the SO(1, 1)× SO(1, n)/SO(n) manifold
As an example of very special manifold we consider the following class of homogeneous spaces:
RT [n] ≡ SO(1, 1)× SO(1, n)
SO(n)
(2.6.35)
This example is particularly simple and relevant to string theory because reducing it on a circle
S1 from five to four dimensions one finds a supergravity model where the special Ka¨hler geometry
is that of the ST [2, n] manifolds described in the previous sections.
To see that the RT [n] are indeed very special manifolds we consider the following instance
of cubic norm:
N(X) =
√
C(X) (2.6.36)
C(X) = X0
(
X+X− −X2) ; X2 = r∑
ℓ=1
(
Xℓ
)2
(2.6.37)
It is immediately verified that the infinitesimal linear transformations XΛ → XΛ + δXΛ that
leave the cubic polynomial C(X) invariant are the following ones:
δ0

X0
X+
X−
X
 =

−4 0 0 0
0 2 0 0
0 0 2 0
0 0 0 2


X0
X+
X−
X
 (2.6.38)
δL

X0
X+
X−
X
 =

0 0 0 0
0 0 −4 0
0 4 0 0
0 0 0 0


X0
X+
X−
X
 (2.6.39)
δv

X0
X+
X−
X
 =

0 0 0 0
0 0 0 vT
0 0 0 0
0 0 v 0


X0
X+
X−
X
 (2.6.40)
δu

X0
X+
X−
X
 =

0 0 0 0
0 0 0 0
0 0 0 vT
0 v 0 0


X0
X+
X−
X
 (2.6.41)
δA

X0
X+
X−
X
 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 A


X0
X+
X−
X
 ; AT = −A ∈ SO(r) (2.6.42)
The transformation δ∆ generates an SO(1, 1) group that commutes with the SO(1, r + 1) group
generated by the transformations δL, δu, δv and δA, hence the symmetry group of the symmetric
tensor:
dΛΣΓ =
{
d0+− = 1
d0ℓm = −δℓm
0 otherwise
(2.6.43)
defined by the cubic polynomial C(X) is indeed the group SO(1, 1)× SO(1, n). This is quite
simple and evident. What is important is that the same group has also a transitive action
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on the manifold defined by the equation C(X) = 1 that can be identified with the product
SO(1, 1) × SO(1, n)/SO(2). To verify this statement it suffices to consider that the quadratic
equation
H+H− −H2 = 1 (2.6.44)
defines the homogeneous manifold SO(1, n)/SO(2) on which SO(1, n) has a transitive action. For
instance we can use as independent r + 1 coordinates the following ones:
φ0 = H+ ; φℓ = Hℓ (ℓ = 1, . . . , r) ⇒ H− = 1 + φ
2
φ0
(2.6.45)
and then it suffices to set:
X0[σ, φ] = e−2σ ;
(
X+, X−,X
)
= eσ
(
H+[φ], H−[φ], H[φ]
)
(2.6.46)
to obtain a parametrization of the sectionX in terms of coordinates σ, φ of the manifold SO(1, 1)×
SO(1, n)/SO(2). This achieves the desired proof that the group Giso has a transitive action on
the special manifold and consequently that the cubic norm (2.6.36), (2.6.37) is admissible as a
definition of a very special manifold
2.6.3 Quaternionic Geometry
Next I turn my attention to the hypermultiplet sector of an N = 2 supergravity. For these
multiplets no distinction arises between the D = 4 and D = 5. Each hypermultiplet contains 4
real scalar fields and, at least locally, they can be regarded as the four components of a quaternion.
The locality caveat is, in this case, very substantial because global quaternionic coordinates can
be constructed only occasionally even on those manifolds that are denominated quaternionic in
the mathematical literature [57], [77]. Anyhow, what is important is that, in the hypermultiplet
sector, the scalar manifold QM has dimension multiple of four:
dimRQM = 4m ≡ 4#of hypermultiplets (2.6.47)
and, in some appropriate sense, it has a quaternionic structure.
We name Hypergeometry that pertaining to the hypermultiplet sector, irrespectively whether
we deal with global or local N=2 theories. Yet there are two kinds of hypergeometries. Super-
symmetry requires the existence of a principal SU(2)–bundle
SU −→ QM (2.6.48)
The bundle SU is flat in the rigid supersymmetry case while its curvature is proportional to the
Ka¨hler forms in the local case.
These two versions of hypergeometry were already known in mathematics prior to their use
[74], [78], [79], [80], [81] in the context of N = 2 supersymmetry and are identified as:
rigid hypergeometry ≡ HyperKa¨hler geometry.
local hypergeometry ≡ quaternionic geometry (2.6.49)
2.6.3.1 Quaternionic, versus HyperKa¨hler manifolds
Both a quaternionic or a HyperKa¨hler manifold QM is a 4m-dimensional real manifold endowed
with a metric h:
ds2 = huv(q)dq
u ⊗ dqv ; u, v = 1, . . . , 4m (2.6.50)
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and three complex structures
(Jx) : T (QM) −→ T (QM) (x = 1, 2, 3) (2.6.51)
that satisfy the quaternionic algebra
JxJy = −δxy 1 + ǫxyzJz (2.6.52)
and respect to which the metric is hermitian:
∀X,Y ∈ TQM : h (JxX, JxY) = h (X,Y) (x = 1, 2, 3) (2.6.53)
From eq. (2.6.53) it follows that one can introduce a triplet of 2-forms
Kx = Kxuvdq
u ∧ dqv ; Kxuv = huw(Jx)wv (2.6.54)
that provides the generalization of the concept of Ka¨hler form occurring in the complex case.
The triplet Kx is named the HyperKa¨hler form. It is an SU(2) Lie–algebra valued 2–form in
the same way as the Ka¨hler form is a U(1) Lie–algebra valued 2–form. In the complex case the
definition of Ka¨hler manifold involves the statement that the Ka¨hler 2–form is closed. At the
same time in Hodge–Ka¨hler manifolds (those appropriate to local supersymmetry in D = 4 ) the
Ka¨hler 2–form can be identified with the curvature of a line–bundle which in the case of rigid
supersymmetry is flat. Similar steps can be taken also here and lead to two possibilities: either
HyperKa¨hler or quaternionic manifolds.
Let us introduce a principal SU(2)–bundle SU as defined in eq. (2.6.48). Let ωx denote
a connection on such a bundle. To obtain either a HyperKa¨hler or a quaternionic manifold we
must impose the condition that the HyperKa¨hler 2–form is covariantly closed with respect to the
connection ωx:
∇Kx ≡ dKx + ǫxyzωy ∧Kz = 0 (2.6.55)
The only difference between the two kinds of geometries resides in the structure of the SU–bundle.
Definition 2.6.1. A HyperKa¨hler manifold is a 4m–dimensional manifold with the structure de-
scribed above and such that the SU–bundle is flat
Defining the SU–curvature by:
Ωx ≡ dωx + 1
2
ǫxyzωy ∧ ωz (2.6.56)
in the HyperKa¨hler case we have:
Ωx = 0 (2.6.57)
Viceversa
Definition 2.6.2. A quaternionic manifold is a 4m–dimensional manifold with the structure de-
scribed above and such that the curvature of the SU–bundle is proportional to the HyperKa¨hler
2–form
Hence, in the quaternionic case we can write:
Ωx = λKx (2.6.58)
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where λ is a non vanishing real number.
As a consequence of the above structure the manifold QM has a holonomy group of the
following type:
Hol(QM) = SU(2)⊗H (quaternionic)
Hol(QM) = 1 ⊗H (HyperKa¨hler)
H ⊂ Sp(2m,R) (2.6.59)
In both cases, introducing flat indices {A,B,C = 1, 2}{α, β, γ = 1, .., 2m} that run, respectively,
in the fundamental representations of SU(2) and Sp(2m,R), we can find a vielbein 1-form
UAα = UAαu (q)dqu (2.6.60)
such that
huv = UAαu UBβv CαβǫAB (2.6.61)
where Cαβ = −Cβα and ǫAB = −ǫBA are, respectively, the flat Sp(2m) and Sp(2) ∼ SU(2)
invariant metrics. The vielbein UAα is covariantly closed with respect to the SU(2)-connection
ωz and to some Sp(2m,R)-Lie Algebra valued connection ∆αβ = ∆βα:
∇UAα ≡ dUAα + i
2
ωx(ǫσxǫ
−1)AB ∧ UBα
+ ∆αβ ∧ UAγCβγ = 0 (2.6.62)
where (σx) BA are the standard Pauli matrices. Furthermore UAα satisfies the reality condition:
UAα ≡ (UAα)∗ = ǫABCαβUBβ (2.6.63)
Eq.(2.6.63) defines the rule to lower the symplectic indices by means of the flat symplectic metrics
ǫAB and Cαβ . More specifically we can write a stronger version of eq. (2.6.61) [82]:
(UAαu UBβv + UAαv UBβu )Cαβ = huvǫAB
(2.6.64)
We have also the inverse vielbein UuAα defined by the equation
UuAαUAαv = δuv (2.6.65)
Flattening a pair of indices of the Riemann tensor Ruvts we obtain
RuvtsUαAu UβBv = −
i
2
Ωxtsǫ
AC(σx)
B
C C
αβ + Rαβts ǫ
AB (2.6.66)
where Rαβts is the field strength of the Sp(2m) connection:
d∆αβ +∆αγ ∧∆δβCγδ ≡ Rαβ = Rαβts dqt ∧ dqs (2.6.67)
Eq. (2.6.66) is the explicit statement that the Levi Civita connection associated with the metric
h has a holonomy group contained in SU(2)⊗ Sp(2m). Consider now eq.s (2.6.52), (2.6.54) and
(2.6.58). We easily deduce the following relation:
hstKxusK
y
tw = −δxyhuw + ǫxyzKzuw (2.6.68)
